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PART - B

The initial value problem

xg—u:X,OSXSL t >0 and u(x,0) =
X

a unique solution u(x,t) which —o00 as
> 0.

more than one solution.

a solution which remains bounded as
> o0.

no solution.

Let Y;(x) and Y,(x) defined on [0,1] be twice
continuously differentiable functions satisfying

Y'(X)+Y'(X)+Y(X)=0. Let W(x) be the
Wronskian of Y, and Y, and satisfy W(lj =0.
2

Then
1. W(x)=0 for xe[0,1]

2. W(x) =0 for x €[0, 1/2)u(%, 1]

3. W(x)>0 for xe(1/2,1)
4. W(x) <0 for xe[0,1/2)

Let x = x(s), ¥ = y(8), u = u(s), SeR, be the
characteristic curves of the PDE

ou \ ou U=0 ina th h )
— || — |—uU=V, assin rou a given
x \ 3y p g g g

curve x =0, y=r,U :rz, 7 €R. Then the
characteristics are given by

1. x=3r(e°-1),y :%(e‘S +),u=r’e">.

2.x=27(e° 1), y=7(2e* -1),
2
T -2s
u=—~y>A+e .
5 ( )

3. x=27(e’-1), y=%(eS +1), u=r%".

4, x=1(° -1, y= —21(8_5 - gj,

u=r*(2e™ -1)

4. Consider the initial value problem in R®

Y'(t)= AY +BY; Y (0)=Y,,

A 1 0
h = ,
where 11

1 -
B:{O 1] Then Y(t) is given by

1. e"e®Y,
t(A+B)
3. e Yo

tB 4 tA
2.e7e’Y,

—t(A+B)
4. e Y,

PART -C

Consider the boundary value problem
—u"(x) = 7°u(x), x €(0,1), u(0)=u(@ =0.
If uand U’ are continuous on [0,1], then
1
3 _
1. .fou (x)dx =0.

2. U?(X)+72u®(x) =u'?(0).
3. U%(X) + 72Ul (X) =u"* (D).

1 1 . ,
4. Luz(x)dx:?fou Z(x)dx .

ou . du  d
The PDE +2 +

X2 oxoy oy’

parabolic and has  characteristics

(X, y) =x+2y,n(x,y) =x-2y.

2

reducible to the canonical form
where £(X,y) =X+2Y.
reducible to the canonical form

where 17(X,y) =X+VY.

parabolic and has the general solution
u=(x-y)f; (x+y)+f; (x-y), where f;, f, are
arbitrary functions.

Let u(t) be a continuously differentiable
function taking non-negative values for t > 0
satisfying u'(t) =3(u(t))** and u(0)=0. Which
of the following are possible solutions of the
given equation?

1. u(t)=0

2. u(t)=t’

1
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O<t<l
for t>1
O0<t<3
for t>3

Let u(x,t) be the solution of the equation

2
G_LZJZG_U, which tends to zero as t— 0
ox° ot

and has the value cos x, whent = 0. Then

0 H —-nt
u=>"" a,sin(nx+b,)e™, where a,
b, are arbitrary constants.
00 . _n?
u=>"" a,sin(nx+h,)e"", where a,, b,
are non zero constants.
0 -nt
u= anlan cos(nx+b,)e™, where a,are
not all zero and b, =0 forn = 1.
u=>" a, cos(nx+ b, )e ™, where a, # 0,
a,=0forn>1,and b,=0forn=1.
Let xyu = ¢; and X*+y*-2u = ¢,, where ¢, and ¢,
are arbitrary constants, be the first integrals of
au ou
the PDE x(u+y") ——y(u+x") == (x* -y*)u.
OX oy
Then the solution of the PDE with x + y=0,
u=1is given by
1. X3+ y® +2xyu® +2x°u=0
2. X2+ yx® +(X* +xy)u=0
3. X +y? +2(xy-Du+2=0
4. x> -y’ —u(x+y-2)-2=0
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3. For any continuous function f :[L2]—> R
with f(x)#0 for some xe[1,2] there
exists a solution u of (P,) for some

2
A € R such that J; fu=0.

There exists a A € R such that (P,) has
two linearly independent solutions.

11. Let y: R—> R be differentiable and satisfy the

ODE:

ﬂ: f(y),xeR

dx
y(0)=y(@)=0
where f:R—R is a Lipschitz continuous
function. Then
y(x) =0 if and only if X €{0,1}
2. yis bounded
3. yis strictly increasing
4. dy/dx is unbounded

. The system of ODE

dx )
—=(1+x%)y,terR
™ ( )Y.te

_ —(L+x)x,teRr

dt

(x(0), y(0)) = (a.b) _

has a solution:

1. only if (a,0)=(0,0)

2. forany (a,b) eR xR

3. suchthat x*(t)+y?(t)=a®+b* forall teR

4. such that x*(t)+y*(t) > as t —>oo if
a>0andb>0

PART - C
PART - B
13. Lety : R — R be a solution of the ODE
10. For A €R, consider the boundary value
problem d 2y

2 - <
29 o W v, xen2] } —(P) dx?

dx? d dy
yh=y(2)=0 y(0)=—=(0)=0
Which of the following statement is true? " dx
en

1. There exists a A, €R such that (P,) has

y=e",xeR

wivial solution f As 2 1. y attains its minimum on R
a nontrivial solution for an :
y 0 2. yis bounded on R
{» € R:(P,) has a nontrivial solution} is a ) ) 1
3. Ime’y(x)==
X—00

dense subset of R. 4
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14. Let P,Q be continuous real valued functions

defined on [-1,1] and u;[-1,1]—R, i=12 be
solutions of the ODE:

g + P(x)d—u +Q(X)u=0,xe[-11]]

dx dx

satisfying u, >0,u, <0 and u,(0) =u,(0)=0.
Let W denote the Wronskian of u; and u,, then
1. u, and U, are linearly independent

2. U, and U, are linearly dependent
3. W(x)=0 forall xe[-11]
4. W(x)#0 for some xe[-11]

. Let u(x,t)= '™v(t) with v(0)=1 be a solution to
3

U _ U Then

ot oxt

1 u(x,t) =0 2 y(xt) =t

3. u(x,t) =N 4 y(xt) = D

. The Charpit’s equations for PDE

2 2 ou ou
up“+q°+X+y=0p="qg="— are
p o q oy
given by
1. dx dy du

—-1- p3 -

- —1-qp? - 2p2u+2q°
_Gdp _dq
“2pu 2

o, W _dy__ du __dp

2pu  2q 2pfu+29° -1-p
dg

~1-qp*

dx dy du dp dg

w’ > 0 x y
cx_dy _du _dp_dy

29 2pu x+y p°> qp’

3

. Consider the Cauchy problem of finding

u=u(x,t) such that ‘Zu +Uu (lu =0 forxeR, t>0
t

oX
u(x,0) =uy(x),x eR

Which choice(s) of the following functions for

Uo yield a C* solution u(x,t) for all XeR and
t>0.

1. Uy(X) = 1+1

2. Uy(X) =X
o 200

3. U (X)=1+x* 4. uy(X)=1+2x

. Let u(x,t) satisfy forx € R, t>0

ou ou 0% ,
—2+—+2—2=0. A solution of the form
ot° ot oX

u=e"v(t) with v(0)=0 and v'(0) =1
is necessarily bounded
satisfies |u(x,t)|< e'

is necessarily unbounded
is oscillatory in x.

. Let u=u(x,t) be the solution of the Cauchy

problem

2
a”JF(a”) -1 XeR,t>0, u(x,00=-x*; xelR
ot \ ox

Then
1. u(x,t) existsforall Xxe Randt>0
2. [u(x,t)| >0 as t >t~ for some t” >0

and x=0
3. u(x,t)<0 for all Xe R and for all

1
t<—.
4
4. u(x,t)>0 forsome XeR and 0 < t< 1/4

JUNE - 2015

PART -B

20. The initial value problem y'=2\/y, y(0)=a,

has

1. a unique solutionifa<0

2. no solutionifa >0

3. infinitely many solutions if a =0
4. a unique solutionifa=0

. Let y(x) be a continuous solution of the initial

value  problem y'+2y = f(x), y(O): 0,
1, 0<x<1

whmef(x):{ X=2*
0, x>1

Then y(%) is equal to

3
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sinh (1) ) 27. Let a,b eR be such that a>+b® #0. Then

3

- | the Cauchy problem aa—u+ba—u 1, x,yeR
sinh (1) 4 x oy

2

€ u(x,y)=xonax+hby=1

22. The singular integral of the ODE 1. has more than one solution if either a or b
(xy—y)" =x"(x" - y")is 's zero
x . has no solution
1. y = Xxsin X 2. y=xsin (X + —j . has a unique solution
4 has infinitely many solutions

Vs
3. y=X 4 y=X +Z . The critical point of the system

dx dy_ .
a+blog¢, 0<x<¢ dt__4 R X—2y is an

c+dlogx, {<x<1 1. asymptotically stable node

is a Green’s function for xy" + y' = 0, subject to 2. unstable node
y being bounded as x—0 and y(1) = y'(1), if 3. asymptotically stable spiral
4. unstable spiral

. The function G(X,¢) = {

. The second order partial differential equation

Uy + XUy, =0 is
. For the initial value problem 1. elliptic for x > 0 2. hyperbolic for x > 0
y 3. elliptic forx <0 4. hyperbolic for x <0

%:y“rcoszx, x>0; y(0)=0,

The largest interval of existence of the solution

predicted by Picard’s thorem is: ) . .
1.[0,1] 2.10,1/2] 30. Which of the following are complete integrals

3.[0,1/3] 4.[0,1/4] of the partial differential equation
pgx + yq2 =1?

PART-C

. Let P be a continuous function on R and W be 1 ay b 2.7= X ay b
the Wronskian of two linearly independent Z= g+ X + 2= B+7+
solutions y; and yz of the ODE:
d2y 3.22 =4(ax+Yy)+b 4.(z—b)? =4(ax+y)
+(1+x) +P(X)y=0,Xe[R.
Let W(1) = a W(2) — b and W(3) = c, then . For an arbitrary continuously differentiable
1 a<0andb>0 ' function f, which of the following is a general
2.a<b<cora>b>c solution of z(px — qy) = y* - x*
a b ¢ 1. %% + Y2 + 2% = f(xy)
‘Tl bl id 2. (x+y)* + 2 = f(xy)
[af bl 3 X+ + 22 =f(y—x)

4,.0<a<bandb>c>0 4.X2+y2+22=f((x+y)2+22)

. Consider  the initial value  problem

au ou
+2—=0,u(0,y)=4e?.
oy

DEC- 2015

PART -B

Then the value of u(1,1) is o%u o’u o4
1 402 5 46 32. The PDE +2 + =X, has

ox>  oxo ?
3.2¢e* 4. 4e* Xy 2
1. only one particular integral.

4
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a particular integral which is linear in x and

y.
a particular integral which is a quadratic

polynomial in x and y.
4. more than one particular integral.

33. The solution of the initial value problem
ou ou
X—=Yy)—+(y—X—-U)—=u,ux, 0) = 1,
(x=y) - + ) &

satisfies

1.u(x—y+u)+(y—x—u)=0.
2.0 (x+y+u)+(y—x—u)=0
.U (X—y+u)—(x+y+u)=0.
4. U (y—x+u)+(X+y—u)=0

34. Let u(x,y) be the solution of the equation
o’u o°u
2 T2
OX~ oy
and has the value sin x when y = 0. Then
1. u :Z:zlan sin(nx+b,)e™, where a, are

0, which tends to zero as y — «

arbitrary and b,, are non-zero constants.
u=>" a,sin(nx+b e, where a; = 1
and a, (n > 1), b, are non-zero constants.
u=>" a,sin(nx+b,)e™, where a;, = 1,
a,=0forn>1andb, =0 for n>1.

00 . _n2
u=> a,sin(nx+h,)e™", where b;=0

for n > 0 and a, are all nonzero.
PART - C

35. Let u(x,t) satisfy the wave equation
o%u o
7 :—2, XE(O,Zﬂ'),t >0
ot OX
u(x,0) = '
Then o
1. u(x,t)=e"* e""
2. u(x,t)=e'* g™

iwt —imt
3. u(x,t)=e'" (%}

for some weR.

X2
4. u(xt)=t+—.
(x,t) 5

36. A solution of the PDE
2 2
X67U+ yalj+(6llj + @ —u=0 representS
ox ~oy \ox oy
1. an ellipse in the x-y plane.
2. an ellipsoid in the xyu space.

3. a parabola in the u-x plane.
4. A hyperbola in the u-y plane.

. Consider the ODE on R y'(x) = f(y(x)). If f is an
even function and y is an odd function, then
—-y(-X) is also a solution
y(-X) is also a solution.
—-y(x) is also a solution.
y(X) y (-x) is also a solution.

. Consider the system of ODE in R?

0
dl: AY,Y(O):( ],t>0 where
dt 1

A:{ . 1} and Y(t)=(yl(t)j. Then

0o -1 y,(t)
y1(t) and y,(t) are monotonically increasing
fort>0.
y1(t) and y,(t) are monotonically increasing
fort> 1.
yi(t) and y,(t) are monotonically
decreasing for t > 0.
yi(t) and y,(t) are monotonically
decreasing for t > 1.

. Consider the boundary value problem
-u"(x) = 7°u(x) ; x e (0, 1)
u(0) =u(1) =0.
If uand u’ are continuous on [0, 1], then
1. u?(x) + 7°u’(x) = u'}(0)

2. EU’Z(X)dX—HZEUZ(X)dXZO
3. u?(x) + n°u?(x) = 0
1 ]
4, Lu’z(x)dx—zrzLuz(x)dx=u’2(0)

. Let u(t) be a continuously differentiable
function taking non negative values for t > 0
and satisfying u'(t) = 4u®*(t); u(0) = 0. Then
1.u() =0.

2.u(t) =t"

5 u(t) 0 for O<t<l1
(t-1)* for t>1.

4 u(t) 0 for 0<t<10
.U =
(t-10)* for  t>10.

JUNE - 2016

PART -B

41. Let Y, and Y, be two solutions of the problem

5
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y(0)=0
where a and b are real constants. Let w be
the Wronskian of y, and Y,. Then
w(t)=0,VteR
w(t)=c,Vte R for some positive

constant ¢
W iS a non constant positive function

There exist t,t,€eR such that
w(t,) <0< w(t,)

y'(t) +ay'(t) +by(t) =0t e R}

42. For the Cauchy problem
u,—uu, =0,xeR,t>0
u(x,0)=x,xeR,

which of the following statements is true?
1. The solution u exists forallt >0

1
2. The solution u exist for t<§ and

1
breaks down at t = E

The solution u exist for t <land break
down at t=1
The solution u exist for t <2and breaks
down at t=2

-2 1 0 X, (t)
43. Leta=| 0 -2 1 |x(t)=|x,(t) and
0 0 -2 X, (1)
| X(®) = O (0 + %3 (0 + %3 (1)

Then any solution of the first order system of
the ordinary differential equation

X'(t) = Ax(t)
x(0) = X,

Satisfies

L lim [x®) 0 2. lim | x(t) =0

30im [x(®) =2 4 lim | x(t) =12

44. Let a, b, c, d be four differentiable functions

defined on R® Then the partial differential
equation

0 0 0 0
a(x,y)—+b(x, y)— | c(x,y) —+d(x,y)— ju=0
[ () +b( y)ayJ(( y)o +dl y)ayj
is
1. always hyperbolic 2. always parabolic
3. never parabolic 4. never elliptic

6

PART -C

45. Consider the Cauchy problem for the Eikonal

. ou ou
equation p®+q’=1p=—,q=— Uu(Xy) =0
P +q p x q Y
onx+y=1. (x,y)e[Rz. Then
1. The Charpit's equations for the
differential equation are
%: Zp;d_y: 2q;d_u: Z;d_p
dt dt dt dt

__p:da__

=-D; at °F
The Charpit's equations for
differential equation are
dt dt dt
d_p =0 X d_q =0

dt dt
uL~2)=+2

u@L~2)=1.

2,

.Lety : R — R be a solution of the ordinary
differential  equation,  2y'+3y'+y =e >,
xeR satisfying lim ,__ e*y(x) =0. Then
1. lim __e*y(x)=0.

1

2. y(0) = 10

3. yis a bounded function on R.
4.y(1)=0.

. For 1eR, consider the differential equation
y'(X) = Asin(x+y(x)), y(0) = 1. Then this initial
value problem has :

1. no solution in any neighbourhood of 0.

2. a solution in R if |A| < 1.
3. a solution in a neighbourhood of 0.

4. a solution in R only if | A| > 1.

. The problem
— V' +@+X)y=21y, xe (0,1)}

y(0)=y@) =0
has a non zero solution
1.forallA<O.
2. for all Le [0,1].
3. for some Ae (2, «).
4. for a countable number of A’s.
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49. Letu: R x[0,2) — R be a solution of the initial

value problem

u, —u, =0, for(x,t) e R x(0,x)
u(x,0) = f(x),xeR
u,(x,0) =g(x),xeR

Suppose f(x) = g(x) = 0 for x €[0,1], then we
always have

1. u(x,t) = 0 for all (x,t)e (-*,0) x (0,«).

2. u(x,t) =0 for all (x,t) € (1,) % (0,).

3. u(x,t) = 0 for all (x,t) satisfying x +t < 0.

4. u(x,t) = 0 for all (x,t) satisfying x —t > 1.

. Let u be the solution of the boundary value

problem u, +uy, =0for0<x,y<Tr

u(x,0)=0=u(x,mfor0<x<T

u(0,y)=0, u(t,y)=sin y + sin 2y for 0< y<m
Then

u[l, gj — (sinh( 7)) " sinh( 1).

u(l, %) = (sinh( 7)) * sinh( 7).

u(l, %} = (sinh( 7)) ™ (sinh( 1)) % +
(sinh( 27)) " sinh( 2).
u[l, %] = (sinh( 1)) * (sinh( 7)) % 4
(sinh( 2)) " sinh( 277).

DEC - 2016

3.a=-2,B=2. 4. a=-3, ﬁ:%.

ou  du

. The PDE X— +Yy—=0is
OX oy

hyperbolic for x > 0, y < 0.
elliptic forx >0, y < 0.
hyperbolic for x > 0, y > 0.
elliptic forx <0,y > 0.

. Let u(x, t) satisfy the initial boundary value

2

problem —=—:, x € (0,1),t>0
ot

2 ;
u (x, 0) = sin(nx); x € [0, 1]
u@©,t)=u(@,t)=0,t>0

Then for x € (0, 1), u(x,iJ is equal to

2
T

1. e sin(nx). 2. e'sin(nx).
3. sin(mx). 4. sin(nx).

. Let x:[0,37] > R be a nonzero solution of

the ODE X'(t)+e" x(t)=0, for te[0,37].
Then the cardinality of the set

{t €[0,37]: x(t) =0} is

l.equaltol

2. greater than or equal to 2

3.equalto 2
4. greater than or equal to 3

PART - C
PART - B
56. Consider the initial value problem

51. Let (x(t), y(t)) satisfy the system of ODEs y'(t) = f(y(t)), y(0) =a e R where f: R—R.

%——x+ty
dt

If (xa(t), y2(t)) and (xa(t), yo(t)) are two solutions
and ®(t) = xa(t)y2(t) — x2(t)ya(t)

do
then — is equal to
dt

1. 20 2. 20
3. -0 4, -

. The boundary value problem x2y"-2xy'+2y =0,
subject to the boundary conditions

y(1) + ay'(1) =1, y(2) + By'(2) = 2 has a unique
solution if

l.a=-1,p=2. 2.0=-1,B=-2.

Which of the following statements are

necessarily true?

1. There exists a continuous function f: R—>R
and a€eR such that the above problem
does not have a solution in any
neighbourhood of 0.

The problem has a unique solution for
every aeR when f is Lipschitz continuous.
When f is twice continuously differentiable,
the maximal interval of existence for the
above initial value problem is R.

The maximal interval of existence for the
above problem is R when f is bounded
and continuously differentiable.

. Let (x(t),y(t)) satisfy fort >0

dx dy
—=—X+Vy, —=-V,%x(0)=y(0) =1.
at y at Yy, X(0) = y(0)

Then x(t) is equal to

7
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1. e +ty(t) 2. y(t)
3. e (L+t) 4. —y(t)

58. Consider the wave equation for u(x,t)

8

ou o
E—yzo, (X,t) S IRX(0,00)
u(x,0)=f(x),xeRr

aat—u(x,O) =g(x),xeR

Let u; be the solution of the above problem
with f=f; and g=g; for i=1,2, where fi; R—R and
g R—R are given C? fucntions satisfying
fi(x)=f2(x) and g:(x)=g2(x), for every x&[-1,1].
Which of the following statements are
necessarily true?

1. u,(01)=u,(0,0)
2. u,(11) =u,(12)

3 11 11
Ulz2) 22

4. u,(0,2) =, (0,2)

. Let u: R%{(0,0)}—R be a C? function satisfying

2 2,
aiquaiu:Q for all (x,y) = (0,0). Suppose u
aXZ ayZ

is of the form u(x,y)= f(,/x2+y2), where
f: (0,0) =R, is a non-constant function, then
lim [u(x,y)|=
0

x2+y?—>
. Iim Ju(x,y)]=0
x2+y? >0
. Iim u(x,y) =
x2+y? o0
Jim - Ju(x,y)[=0
x2+y? >0

ou ou
y PR —

. The Cauchy problem &_Xay “ | has a

u=gonrl
unique solution in a neighborhood of I' for
every differentiable functiong: I" — R if
1. T" ={(x,0): x>0}
- T={(xy)x*+y* =1}
. I={(x,y): x+y=1, x> 1}
. T={(xy): y=x?, x>0}

JUNE - 2017

PART - B

61. Suppose X:[0,00)—[0,0)is continuous and
X(0) = 0.1t (x(1))? <2+ x(s)ds, V=0,
then which of the following is TRUE?

wabepi%}

}4uﬂJbeﬂQw)

1. x(+/2)€[0,2]

3. X(ﬁ)e{%,%

. The solution of the partial differential equation

U, —Xu,+1-u=0, xeR, t>O0subject to
u(x,0) =g(x)is

1. u(x,t) =1-e'(1-g(xe"))

2. u(x,t) =1+e'(1-g(xe"))

3. u(x,t)=1-e"'(1-g(xe"))

4. u(x,t)=e'(1-g(xe"))

. Suppose UeC?(B),Bis the unit ball in R?

satisfies Au=f in B

au+8—u=g on oB, a>0,
on
where nis the unit outward normal to B. If a
solution exists then
1. it is unique
2. there are exactly two solutions
3. there are exactly three solutions
4. there are infinitely many solutions

PART-C

64. Consider the solution of the ordinary

differential equation Y'(t) =—y°® +y® +2y
subjectto Y(0) =y, €(0,2). Then
!im y(t) belongs to

1.{-1,0} 2.{-1,2}
3.{0,2} 4. {0,+«}

ﬂ:y2+x2 , x>0

. If the solution to dx

y(0)=2

exists in the interval [0, Ly) and the maximal
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dz /2
interval of existence of < dx
z(0)=1

[0,L,), then which of the following statements
are correct?

1. L=1LL>1 2L=1L,<1
3L <2 L,<1 4L >2 L,<1

. Consider the partial differential equation

ou ou ,

X— 4 yu— =—XYy for X >0 subject to u=5

OX oy

on xy =1. Then

1. u(X,y) exists when xys19 and
u(x,y)=u(y,x) for x>0,y>0

. u(X,y) exists when xy219 and

u(x,y)=u(y,x) for x>0,y>0

3. u(1,11)=3, u (13,-1)=7

4. u(1,-1)=5, u(11,1)=-5

. If a complex integral of the partial differential
0z 0z
—, q —_
OX oy
passes through the curve x=0, 2% = 4y, then

the envelope of this family passing through
x=1 and y=1 has
1. z=-2 2.z2=2

3.z= 2+2\/§ 4, 7=- 2+2\/§

equation X(p®+q%)=1zp; p=

. For a differential function f :R—R define the
difference quotient

(D, f)(h) = w; h > 0.Consider
numbers of the form FA]: h(l+ €) for a fixed
e>0 and let

& (h) = f'(x)—(D, F)(h), e,(h) = (D, )(t) ~ (D, )(h),
e(h) =¢e (h)+e,(h).

it f(x+h) = f(x+h), then

1. ¢(h)—>0as h—0
2.e,(h)>0as h—0

3. e,(h) >e f'(X)/(1+€) as h—>0
4.e(h)>0as h—0

DECEMBER - 2017

PART - B

69. Consider the differential equation

(x=Dy"+ xy'+1 y=0. Then
X

1. x = 1 is the only singular point

2. x =0 is the only singular point

3. both x =0 and x = 1 are singular points
4. neither x = 0 nor x = 1 are singular points

. Let D denote the unit disc given by

{x, y) | ¥ + y* < 1} and let D° be its
complement in the plane. The partial
differential equation

ou  o%u _
oxoy  oy?
1. parabolic for all (x, y) € D°
2. hyperbolic for all (x,y) € D
3. hyperbolic for all (x, y) € D°
4. parabolic for all (x,y) € D

2
(x2—1)%+2y 0is

. The set of real numbers A for which the

2
boundary value problem % +Ay =0,
X
y(0)=0, y(r) = 0 has nontrivial solutions is
1. (-0, 0)
2. {Jn| nis a positive integer}
3. {n2 | nis a positive integer}

4. R

. Let u(x, t) be the solution of the initial value

problem
Ut — U =0, U(X, 0) = X*, ug (X, 0) = sin x
Then u (r, ) is
1. 47° 2.1° 3.0 4.4

. Let u(x, t) be a solution of the heat equation

2
6_u = a—uin a rectangle [0, «] x [0, T] subject
ot ox?
to the boundary conditions u(0, t) = u(m,t) = 0,
0 <t < T and the initial condition u(x, 0) = ¢(x),
0 <x <m If f(x) = u(x, T), then which of the
following is true for a suitable kernel k(x, y)?

1. Tk(x, Y)o(y)dy=f(x),0<x<rx

2. )+ [ K, e dy = (9, 0<x<z

3. ik(x,y)¢(y)dy: f(x),0<x<r

4 o)+ [k(x V) p()dy=T(x), 0<x<x

9
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74.

. Consider the

Consider a system of first order differential

equations E{X(t)} _ {X(t) + y(t)}
dt| y() —y@) |

The solution space is spanned by

- t
1. 4} and {e }
i 0

cosht}

differential equation

2

((jjxg —2tan xgi_ y =0 defined on (—%,%)

Which among the following are true ?

1. there is exactly one solution y=y(x) with
y(0) = y'(0) = 1 and y(ﬁj - 2(1+ fj

3 3

there is exactly one solution y=y(x) with
y(0)=1,y(0)=-1and

05)-4005)

any solution y=y(x) satisfies y’’(0)=y(0)
If y; and y, are any two solutions then

(ax+b) y,=(cx+d)y, for some a,b,c,deR

. Consider a boundary value problem (BVP)

10

2
%= f(X) with boundary conditions
y(0)=y(1)=y'(1), where f is a real-valued
continuous function on [0,1]. Then which of the
following are true ?
the given BVP has a unique solution for
every f
the given BVP does not have a unique
solution for some f

y(x) = [ xti@®dt+ [ (¢ -x+x) f @Ot is a
solution of the given BVP
y() = [ (x—t+xt) f Ot + [ xtf @t is a

solution of the given BVP

. Consider the

77. Consider the Lagrange equation

Then the general

solution of the given equation is
Xy X-—
1. F Xy , XY O for an arbitrary
z z
differentiable function F

x-y 1l 1

F —y,——— =0 for an arbitrary
zZ Xy

differentiable function F

( 11 j _
z=f|=—-= for an  arbitrary
Xy

differentiable function f

z = xyf (1 - lj for an  arbitrary
Xy

differentiable function f

second order PDE

o’z 0z 0%z
5> —2 —3—5=0. Then which of

OX oxoy oy

the following are correct ?

1. the equation is elliptic

2. the equation is hyperbolic

3. the general solution is

z=f[y_;j+g(y+3xj, for arbitrary

4

differentiable functions f and g
the general solution is

X 3x
z=f|ly+= |+ == |, for
(y 2) g(y 4)

arbitrary differentiable functions f and g

Let B={(X,X,)eR? | X} + X5 <1}, and let

CZ (B; RH)={ueC? (B;R)|u(x1,Xz)

= (X1,X2) for (x1,X,) € OB}. Let u=(ui,u,) and

define J :C (B; R%)—R by
jd@dxz'Then

,  OX, OX

1. inf{ J(u):u e CZ (B;R*}=0

2. J(u) >0, forall ueCZ(B;R?

3. f(u)=1, for infinitely many u € C2 (B; R?

4. J (u)=r, forall u € C7, (B; R?
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80. Consider the ordinary differential equation
y'=y(y—-1(y—2). Which of the following
statements is true ?

1. If y(0) = 0.5 then y is decreasing

2. If y(0) = 1.2 then y is increasing

3. If y(0) = 2.5 then y is unbounded
4. If y(0) < 0 then y is bounded below

. Consider the ordinary differential equation
Y+ P(X)y +Q(x)y =0 where P and Q are
smooth functions. Let y; and y, be any two
solutions of the ODE. Let W(x) be the
corresponding Wronskian. Then which of the
following is always true?

If y; and y, are linearly dependent then 3
X1, X such that W(x;) =0 and W(x,) #0

If y; and y, are linearly independent then
W(KX) =0V x

If y; and y, are linearly dependent then
W(x) =0 V x

If y; and y, are linearly independent then

W(x) =0 V x

82. The Cauchy problem

2u, +3u, =5
. has
u=1 on the line 3x-2y=0

1. exactly one solution

2. exactly two solutions

3. infinitely many solutions
4. no solution

Let u be the wunique solution of
o’u  ou
?—WZO,XER, >0

ou
u(x,0) = f(x), —(x,0)=0,xeR

ot
where f: R—R satisfies the relations
f(x) = x(1-x) V x€[0,1] and f(x+1)= f(x) V

(1 5]_
xeR. Then Ul —,— | is
2 4

1. 2.

Let a be a fixed real constant. Consider the
first order partial differential equation

ML a0, xR t> 0 with the initial

ot oX

data u(x, 0) = ug(x), x € R where uq is a
continuously differentiable function. Consider
the following two statements

S; : There exists a bounded function uq for
which the solution u is unbounded

S, : If ug vanishes outside a compact set then
for each fixed T > O there exists a compact

set Ky < R such that u(x, T) vanishes for x ¢
Kr.

Which of the following are true?

1. S;istrue and S, is false

2.S;istrue and S, is also true

3.S;isfalse and S, is true

4. S, is false and S, is also false

2
If u(x,t) is the solution of a_u = a—L; O<x<1, t>0
ot ox

u(x, 0) =1 + x + sin(n x) cos(x X)
u©O,t)=1,u(@,t)=2.
then

P rw NP, N
Il
|
w
Nr\:

Do DWW NNW

+
N |-

a1
[EY
@
I
N

DN, DM NP NP

=— 4 —

4 2
Assume that a : [0, ) —> R is a continuous
function. Consider the ordinary differential
equation y'(x) = a(x) y(x), x > 0, y(0) = yo # 0.
Which of the following statements are true?

1. If I:| a(x) | dx<oo, then y is bounded

2.1If j:| a(x) | dx<oo, then lim,_,.. y(x) exists

3. If limy_,.a(x) = 1, then lim,_,, [y(X)| =
4. 1f limy_,,a(x) = 1, then y is monotone

Consider the system of differential equations
dx

— =2X-7

dt y

dy
Y _3 g
dt y

11
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Then the critical point (0, 0) of the system is
an

1. asymptotically stable node

2. unstable node

3. asymptotically stable spiral

4. unstable spiral

Consider the Sturm-Liouville problem y" + Ly
= 0, y(0) = 0 and y(nr) = 0.Which of the
following statements are true?
There exist only countably many
characteristic values
There exist uncountably
characteristic values
Each characteristic function
corresponding to the characteristic value

A has exactly [+/1]-1zeroes in (0, n)

Each characteristic function
corresponding to the characteristic value

A has exactly [JZ ] zeroes in (0, )

many

DECEMBER - 2018

PART-B

89.

12

Let u(x,t) be a function that satisfies the PDE
u, —Uu, =€"+6t,xeR, t >0 and the initial
conditions u(x,0) = sin(x), u; (x,0) = 0 for every

xeR. Here subscripts denote partial
derivatives corresponding to the variables

indicated. Then the value of u(%%j is

. ou o%u
Let u(x,t) satisfy the IVP: —=— XeR,
ot ox

1 0<x<1
>0 , u(x,0)= Then the
0, elsewhere.

value of lim u(L,t) equals
t—0"

l.e 2. 1w
3.1/2 4.1

91.

If y1(X) and y,(x) are two solutions of the
Differential equation

(cosX)y"+(sin X)y—(1+e ¥ )y=0v ye [i , Ej with
2 2

y1(0)= +/2,y.(0) =1,y,(0) =—/2, y, (0) = 2, then
the Wronskian of y;(X) and y,(x) at X = % is

1. 3v2 2.6
3.3 4. —3J2

. The critical point (0,0) for the system

X'(t) = x—2y + y?sin x

isa
y'(t) = 2x—2y—3ycos(y*)
1. Stable spiral point
2. Unstable spiral point
3. Saddle point
4. Stable node

PART-C

93.

Let u(x, t) be a function that satisfies the
PDE : u;+uu, =1, x € R, t >0, and the

2
initial condition u(%,tJ:%.Then the

IVP has

1. only one solution

2. two solutions

3. an infinite number of solutions

4. solutions none of  which is
differentiable on the characteristic
base curve

Let u(x) satisfy the boundary value
u"+u'=0, xe(0,)
u(0)=0

u@ =1

Consider the finite
approximation to (BVP)
U,-2U;+U;, U
h? "

problem (BVP)

difference

j+1 j+l -U j-1

Here U; is an approximation to u(x;) where
x;=jh,j=0,...,N is a partition of [0, 1] with
h = 1/N for some positive integer N. Then
which of the following are true?
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1. There exists a solution to (BVP), of

the form U; = ar' + b for some a, b € R
with r=1 and r satisfying (2+h)r2 —4r +
(2-h)=0

2. U= (" =1)/ (™ - 1) where r satisfies
(2+h)r—4r+(2-h)y=0andr=1

3. uis monotonic in x

4. Ujis monotonic in j.

Three solutions of a certain second order

non-homogenous linear differential

equation are

y,(x)=1+ xe*, Y, (X) =1+ x)eX +1, Y5 (X) =1+e".

Which of the following is (are) general

solution(s) of the differential equation?

1. (Ci+ 1)y: + (Cz = Cy)y. — Cuys, where
C, and C, are arbitrary constants

2. Cy(y1— Y2 *+ Co(y2 — ya), where C,
and C, are arbitrary constants

3. Ci(y1—VY2) +Ca(y2—Va) + Cz(Yz— V),
where C;, C, and C; are arbitrary
constants

Ci (Y1 —Y3) + Co (Y3 — Y2) + Y1, Where
C; and C, are arbitrary constants

The method of variation of parameters to
solve the differential equation y" + p(x)y’' +
a(x)y r(x), where x e | and p(x), q(x), r(x)
are non-zero continuous functions on an
interval I, seeks a particular solution of the
form yp(x) = vi(X)ya(x) + va(X)y2(x), where
y1: and vy, are linearly independent
solutions of y" + p(x)y' + q(x)y = 0 and
vi(X) and v,(x) are functions to be
determined. Which of the following
statements are necessarily true?
1. The Wronskian of y; and y, is never

zeroin I

Vi, Vo and viy; + V¥, are twice

differentiable

v; and v, may not be twice
differentiable, but viy; + voy, is twice
differentiable

The solution set of y" + p(x)y' + q(x)y =
r(x) consists of functions of the form

ay, + by, + y, where a, b R are
arbitrary constants

Consider the eigenvalue problem y" + Ay =
Oforx e (-1,1), y(-1) =y(1),y' (-1) =y (1).
Which of the following statements are
true?

1. All eigenvalues are strictly positive
2. All eigenvalues are non-negative

Dedicated To Disseminating Mathematical Knowledge

. Distinct eigenfunctions are orthogonal in

L?[-1, 1].

. The sequence of eigenvalues is bounded

above

. Consider the IVP: xu, +tuy=u+1,xe R,t>0
uex, t) = x% t = x°. Then
. the solution is singular at (0, 0)
. the given space curve (x, t, u) = (&, &2, &%)

is not a characteristic curve at (0, 0)

. there is no base-characteristic curve in the

(%, t) plane passing through (0,0).

. a necessary condition for the IVP to have

a unique C’ solution at (0, 0) does not hold

JUNE = 2019

PART - B

Let y(x) be the solution of x°y"(x) — 2y(x)=0,
y(1) =1, y(2) = 1. Then the value of y(3) is
11
21
17 11
L= 4. —
21 7

1. 2.1

The positive values of A for which the
equation y"(x) + A°y(x) = 0 has non-trivial
solution satisfying y(0) = y(rx) and y'(0) =
y'(n) are

1. A= 2”2+1,n ~12...

2n,n=1,2, ...
nn=1,2, ...
2n-1,n=1,2, ...

2.h=
3.A=
4.1 =

Consider the PDE
ou . 2 0%
P(x,y)— +e* e’ +
OX oxoy
o%u
Q (Xv y) +€ - = 0,
oy* ox oy
where P and Q are polynomials in two
variables with real coefficients. Then which
of the following is true for all choices of P
and Q?
1. There exists R > 0 such that the PDE is
elliptic in {(x, y) eR?: x* + y* >R}
There exists R > 0 such that the PDE is

hyperbolic in {(x, y) € R*: x* +y* >R}

2xa_u+ey ou

13
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There exists R > 0 such that PDE is

parabolic in {(x, y) € R*: x* + y* > R}
There exists R > 0 such that the PDE is

hyperbolic in {(x, y) € R*: x* +y* <R}

Let u be the unique solution of

ou 0%

— =—-where (x,t)(0,1)x (0,0
praew (x,1)€(0,1)x(0,0)
u(x,0) =sin zx, xe(0,1)

u(0,t)=u(,t)=0, t €(0,)

Then which of the following is true?

1. There exists (x, t) € (0, 1) x (0, %) such
thatu(x,t) =0

2. There exists (x, t) € (0, 1) x (0, «) such

ou
that — (x,t) =0
aat( )

. The function e'u (x, t) is bounded for
(1) € (0, 1) x (0, =)

. There exists (x, t) € (0, 1) x (0, ) such
that u(x, t) > 1

PART -C

Let y;(X) be any non-trivial real valued
solution of y"(x) + xy(x) = 0, 0 < x < . Let
y2(x) be the solution of y"(x) + y(x) = x* + 2,
y(0) = y'(0) = 0. Then

1. y;(x) has infinitely many zeros.

2. y>(x) has infinitely many zeros

3. y1(x) has finitely many zeros

4. y,(x) has finitely many zeros

Consider the equation y"(x) + a(x) y(x) = 0,
a(x) is continuous function with period T.
Let ¢1(x) and ¢,(x) be the basis for the
solution satisfying ¢1(0) = 1,
¢ (0)=0,0,0) = 0, ¢ (0)=1.Let W (¢u,
¢,) denote the Wronskian of ¢; and ¢s.
Then
W (91, ¢2) =1
W (01, ¢2) = €*
o1(T)+ ¢ (T) = 2if the given differential
equation has a nontrivial periodic
solution with period T
$1(T)+ ¢, (T) =1if the given differential
equation has a nontrivial periodic
solution with period T

Let f: R > R be a Lipschitz function such
that f(x) = 0 if and only if x = +n* where

n € N. Consider the initial value problem:

y'(t) = f(y(t)), y(0) = Yo.
Then which of the following are true?

1. yis a monotone function for all yo € R
2. for any vy, e R, there exists
M, > O such that |y(t)] < M, for all

teR

3. there exists a yp € R, such that the
corresponding solution y is unbounded

4. supyscr | Y(O) = y(s)| = 2n + 1 if yo € (1%,
h+1)%,n>1

The general solution z = z(X, y) of (X+y)z z,
+(Xx—-Yy)z zy:x2+y is
F (x* +y* + 2%, z° — xy) = O for arbitrary
C' function F
F (X2 - y2 o 2xy) = 0 for arbitrary
C' function F
F (x +y+ 2, z—2xy) = 0 for arbitrary C*
function F
FOC —y® - Z°, z - 2x%y%) = 0 for arbitrary
C” function F

Let u be the solution of the problem
aXZ ayz

u(0,y)=u(zy)=0, y€(0,7),
u(x,0) =0,u(x,7)=sin (2x), x (0, ).

0, (x,¥)e(0,7)x(0, ),

Then
max{u(x,y):0<x,y<m}=1
u (Xo, Yo) = 1 for some (Xo, Yo) € (0, m) x
(0, ™)
u(x,y)>-1forall (x,y) € (0, ) x (0, n)
min{u (X,y):0<x,y<na}>-1

Let u be the solution of
o’u _du

- __axz ,
u (x, 0) = f(x), x e R,
U (X, 0) = g(x), xelR

where f, g are in C* (R) and satisfy the
following conditions

() f(x) =g(x) =0 forx <0,

(i) 0 < f(x) <1 forx >0,

(i) g(x) >0 forx>0

(iv) J? g (X)dx < 0.

Then, which of the following statements are
true?
1. u(x,t)=0forallx<0andt>0

(x,1) € R x (0, ),
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u is bounded on R x (0, «)

u(x, t) =0 whenever x +t< 0

u(x, t) = 0 for some (x, t) satisfying
X+t>0

DECEMBER-2019

PART-B

Let u(x, y) be the solution of

2 2
a_‘:+gy_lj = 64in the unit disc {(x, y) | X’

+y? < 1} and such that u vanishes on the

11
boundary of the disc. Then U| —,— |is
(4 Jij

equal to
1.7 2.16
3.-7 4.-16

For the following system of ordinary
differential equations

dx

ot X(3-2x-2y),

dy
—=y(2-2x-Y),

ot y( y)

the critical point (0, 2) is
1. a stable spiral

2. an unstable spiral

3. a stable node

4. an unstable node

The Cauchy problem

and Xo(s) = cos(s), Yo(S) = sin(s), zo(s) = 1,

s >0 has

1. a unigue solution

2. no solution

3. more than one but finite number of
solutions

4. infinitely many solutions

Consider the system of
differential equations

dx 3,2 5.4
— =4X7y" -Xy",
at y y

dy 4.5 2.3
— =X"y +2X°y".
at y y

ordinary

Then for this system there exists
1. aclosed path in {(x, y) € R? | X2 + y2 <5}
2. a closed path in {(x,y)eR? |5<x’+y’< 10}

113.

Dedicated To Disseminating Mathematical Knowledge

3. a closed path in {(x,y)eR* | x* + y* > 10}
4. no closed path in R?

PART -C

Consider the initial value problem

%:x2+y2,y(0) = 1,0 <x <1 Then
X

which of the following statements are true?
1. There exists a unique solution in

solution is bounded in

The solution exhibits a singularity at
some pointin [0, 1]
The solution becomes unbounded

. . T
in some subinterval of [Z ,1}

Let u(x, t) be the solution of

=Xt, —o< X<o0,t>0,

u(x,0) = %u (x,0) =0,—00 < X < o0,

Then u(2, 3) is equal to
1.9 2.1
3.27 4.12

Consider the eigenvalue problem

(@ +x")y) +2y=0,%x < (0,1),

y(0)=0,y(1)+2y(1)=0.

Then which of the following statements are

true?

1. all the eigenvalues are negative

2. all the eigenvalues are positive

3. there exist some negative eigenvalues
and some positive eigenvalues

4. there are no eigenvalues

Let y be a solution of

1 +xX°)y" +(1+4x°)y=0,x>0

y(0) = 0. Then y has

1. infinitely many zeroes in [0, 1]

2. infinitely many zeroes in [1, «)

3. atleast n zeroes in [0, nx], VN e N

4. at most 3n zeroes in [0, nx], Vh e N

A possible initial strip (Xo, Yo, Zo, Po, o)
for the Cauchy problem pg = 1 where

15
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_@ —Qand Xo(S)=s (s)=
p_ax’q_ay o(S)=s, Yo(s)=

Zo(s)=1fors>1is

1[s 21l
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Let k be a positive integer. Consider the
differential equation

5k
@ ysk+2 for t >0,
dt

y(0)=0

Which of the following statements is true?
It has a unique solution which is
continuously differentiable on (0, «)
It has at most two solutions which are
continuously differentiable on (0, «)
It has infinitely many solutions which
are continuously differentiable on
(0, )
It has no continuously differentiable
solution on (0, )

Letyy>0,z,>0and a > 1.
Consider the following two different
equations:

dy .
(+)1at ”
Y(O) =Y
dz
(**) a_
z(0)=1z,
We say that the solution to a differential
equation exists globally if it exists for all
t>0.
Which of the following statements is true?
1. Both (%) and (*x*) have global
solutions

None of (%) and (*x*) have global
solutions

fort>0,

-z fort>0,

122.

There exists a global solution for (x)
and there exists a T < o such that

im 2] =+

There exists a global solution for ()
and there exists a T < « such that

lim |y(t)] = +o0

The general solution of the surfaces which
are perpendicular to the family of surfaces

zzzkxy,ke Ris

1. ¢(x*—y* x2) =0, ¢ € C(R?
0P —y4 X2 +2°) =0, ¢ e CY(RD
L 00C -y 23 +79) =0, ¢ e CYR?)
L O0C+YA 3x%-79) =0, ¢ e C(RY)

The general solution of the equation

xg+yg:0

OX oy

is

= co(m],qo eC' )
Iyl

9 eC (R

i =¢(XT+1 0 C (R)

2. 2=g(x|+ly]).0 eC'(r)

PART-C

The following two-point boundary value
problem

y"(x) + Ay(x) =0 for x (0, 7)
y(0)=0
y(z)=0

has a trivial solution y = 0. It also has a
non-trivial solution for

1. novaluesof L € R
2.a=1

3.x:n2forallneN,n>1
4.1<0

Let A be an n x n matrix with distinct
eigenvalues (A4, ..., A,) with corresponding
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linearly independent eigenvectors (vy, ...,
V).

Then, the non-homogenous differential
equation

X'(t) = Ax(t) +e*'y,

1. does not have a solution of the form
e™'a for any vector @ ¢ R"
has a solution of the form e*'a for

some vector a e R"
has a solution of the form

e™'a +te™'b for some vectors a, b
e R"
does not have a solution of the form
e™'a+te™'b for any vectors a, be
[RI"I

Consider the solutions

e ™ 0

Y1 = e™

0

be the homogenous linear system of
differential equation

-5 2 =2

) y®= 1 -4 -1y
-1 1 -6

Which of the following statements are
true?
1. y; andy, form a basis for the set of all

solutions to ()
y, and y, are linearly independent but
do not form a basis for the set of all

solutions to ()
There exists another solution y; such
that (yi, V., ¥3) form a basis for the set

of all solutions to ()
4. vy, andy, are linearly dependent

andy, = e
e—St

Consider the partial differential equations
ou . o o’u
(i) —+2 +@-sgn(y)) — =0
OX oxoy oy
iy o oy o 0
iy Y—> — =
aXZ 8y2
Which of the following statements are
true?

127.

Dedicated To Disseminating Mathematical Knowledge

Equation (i) is parabolic for y > 0 and
elliptic fory <0

Equation (i) is hyperbolic for y > 0 and
elliptic fory <0

Equation (i) is elliptic in | and Il
quadrant and hyperbolic in Il and IV
quadrant

Equation (ii) is hyperbolic in | and llI
qguadrant and elliptic in Il and IV
quadrant

Consider the Cauchy problem
o°u
=0, |x|<10<y<l
Oxoy

u(x,x?) =0, %u(x,xz) =g(x), | x|<1

Which of the following statements are
true?
1. A necessary condition for a solution to

existis that §J is an odd function

2. A necessary condition for a solution to
exist is that § is an even function

3. The solution (if it exists) is given

byu(x,y) = ZL\N z9(2)dz

4. The solution (if it exists) is given by

u(x,y) = ZJ‘; zg(z)dz

JUNE-2021

PART - B

Consider the following two initial value
ODEs

dx
A) — =X, x(0)=1;
()OIt (0)

dx .
B) — = xsin x°, x(0) = 2.
®) 5 ©)

Related to these ODEs, we make the

following assertions.

I. The solution to (A) blows up in finite
time

[I. The solution to (B) blows up in finite
time

Which of the following statements is true?

1. Both (1) and (ll) are true

2. () is true but (I1) is false

3. Both (1) and (Il) are false

4. (1) is false but (Il) is true

17
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128.

129.

130.

Let u(x, y) solve the Cauchy problem

+U—-1=0where -© < x < o,

y > 0 and u(x, 0) = sinx. Then u(0, 1) is
equal to

1. 1—l 2. 1+l

e e
l-sine l-sine
3.1- 4.1+ ——
e e

If y(x) is a solution of the equation 4xy” +
2y'+y=0.

Satisfying y(0) = 1. Then y"(0) is equal to
1.1/24 2.1/12

3.1/6 4.1/2

Which of the following partial differential
equations is NOT PARABOLIC for all x,

y e R?

2 2 2
xza—l:—ZX ou yza— 0
OX oxoy oy*

2 2 2
© X aL21+2xyaaay+yzgy =0

4 20U u L0 _au  au
: > +y —+x— y—=
x xoy oyt oy

PART -C

131.

132.

18

Consider the Euler method for integration
of the system of differential equations

X=-Yy
y=x
Assume that (X,y/)are the points

obtained for i = 0, 1, ..., n® using a time-
step h = 1/n starting at the initial point (Xo,
Yo) = (1, 0). Which of the following
statements are true?

1. The points (X, Y;') lie on a circle of
radius 1

m ., (% Yn) =(c0s(1),sin(1))
m,.(%,Y;)=(10)

4. (X" +(y")? >1foriz1

Let u be a positive eigenfunction with

eigenvalue A for the boundary value
problem

U+2u+a(t)u=Au, u(0)=0=u(),
where a : [0, 1] — (1, «) is a continuous
function. Which of the following statements
are possibly true?

1.A>0

2.A<0

1 . 1. 1
3. jo (U)’dt=2 jo uudt + jo (a(t) — A)u? dt
4.0=0

Let u(x, y) solve the partial differential
2

Y 3y2u =0with

equation (PDE) x?

u(x, 0) = e

Which of the following statements are

true?

1. The PDE is not linear

2. u(,1)=¢’

3. u,1)=¢e?

4. The method of separation of variables
can be utilized to compute the solution

u(x, y)

Which of the following expressions for u =
u(x, t) are solutions of u; — e'uy+u=0
with u(x, 0) = x?

1. e'(x +e' —1)

2.e'x—e'+1)

3.x—e'+1

4. xe'

Consider the 2™ order ODE
X+ p(t)x+qg(t)x =0and let x,, X, be two
solutions of this ODE in [a, b]. Which of
the following statements are true for the
Wronskian W of Xq, X5?
1. W =0in (a, b) implies that x;, x, are
independent
W can change sign in (a, b)
W(tg) = 0 for some toe (a, b) implies
that W =0in (a, b)
W(ty) = 1 for some to € (a, b) implies
thatW =11in (a, b)

Let f : R°>>R® be a non-zero smooth
vector field satisfying divf = 0. Which of the
following are necessarily true for ODE
x=f(x)?

1. There are no equilibrium points

2. There are no periodic solutions

3. All the solutions are bounded

4. All the solutions are unbounded
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137.

Let G : [0, 1] x [0, 1] —» R be defined
tl—x) ift<x<1

asG(t,x) = ) . For a
X(L-t) if x<t<1

continuous  function f on  [0,1],

define I[f]=[ [ G(t,) (1) f (x)dtdx.

Which of the following is true?

1. I[f] > O if f is not identically zero

2. There exists non-zero f such that I[f] = 0
3. There is f such that I[f] < 0

4. I[sin(nx)] =1

Let f : R* - R be continuous and
ft, x) <0iftx>0
ft, x)>0iftx< 0
Consider the problem of solving the
following
X =1(t, x), x(0) =0
Which of the following is true?
. There exists a unique local solution
. There exists a local solution but may
not be unique
. There may not exist any solution
. If local solution exists then it is unique.

Consider the second order PDE au,, +
bu,, + au,, = 0 in R? for a, b € R. Which
of the following is true?

1. The PDE is hyperbolic for b < 2a

2. The PDE is parabolic for b < 2a

3. The PDE is elliptic for |b| < 2|a|

4. The PDE is hyperbolic for |b| < 2|a|

Let u(x, t) be a smooth solution to the

. 0u o
wave equation (*) Fraev = Ofor (x, t)

e R? Which of the following is false?
ux - 6, t) also solves the wave

equation (*) for any fixed 6 € R

u
6_ also solves the wave equation (*)
X

u(3x, 9t) also solves the wave
equation (*)
u(3x, 3t) also solves the wave
equation (*)

141.

PART -C

Let u be a solution of following PDE
uy +xu, =0

u(x, 0) = e*

which statements are true

2. u(l, lj =1
2

4. u(=21) =e"

1.u(2, 1) = €

3. u(=2)=e"?

Consider the two following initial value
problem

M) yx)=y® () y'(x)=-y?

y(0)=0 y(0)=0
Which of the following statements are true
1. l'is uniquely solvable
2. 1l is uniquely solvable
3. | has multiple solution
4. 1l has multiple solution

1

Consider the linear system y' = Ay + h

(1
where A=
4

1 3t+1
and h= .
—ZJ (2t+5j

Suppose y(t) is a solution such that

lim w:d e R

t—oo t

What is the value of d?

_4
3

WOl Wi wlol

WOl WIN Wwlol Wb

Let A € M3 (R) be skew-symmetric and let

X : [0, ) — R® be a solution of

X'(t) = Ax(t), for all t € (0, =).

Which of the following statements are

true?

1. [Ix®Il = |Ix)]], for all t € (0, ).

2. For some a e R0}, |Ix(t) — al|=||
x(0) —a|, for all t € (0, )

3. X(t) —x(0) € imA, for all t e (0, x)
lim_,.X(t) exists
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145.  Let u(x, t) be the solution of
un—UXX:O, 0<X<2,t>0,
u(0,t) =0=u(2,1t), vt>0,
u(x, 0) = sin(nx) + 2sin(2nx), 0<x<2,
u(x, 0) =0, 0<x<2.
Which of the following is true?
Qu(,1)=-1 (2)u/2,1)=0
(3u(1/2,2)=1 @) u (1/2,1/2) ==

146. Let u(x, y) be the solution of the Cauchy
problem
uuc+u,=0,xe R, y>0
u,0)=x,xeR
Which of the following is the value of
u(2, 3)?
Q)2
23
(3)1/2
(4) 1/3

147. Let f : R*> - R be a locally Lipschitz
function. Consider the initial value problem

x = f(t,X),x(t,) =X,

for (to, Xo) € R® Suppose that J(ty, Xo)
represents the maximal interval of
existence for the initial value problem.
Which of the following statements is true?
(1) I(to, Xo) = R

(2) J(to, Xo) is an open set

(3) J(to, Xo) is a closed set

(4) J(to, Xo) could be an empty set

148. Suppose x(t) is the solution of the
following initial value problem in R®

X = AX, X(0) = X,,where A= {5 4}
1 2

Which of the following statements is true?

(1) x(t) is a bounded solution for some xq

#0

2) e®x(t)] — 0 as t — oo, for all xo # 0

(3) e'x(t)] > wast—> o, forall xg = 0

(4) e |x(t) > 0ast— oo, forall xo = 0

PART -C

149.  Consider the following initial value problem
(IVP),

20

du ., :
— =t“u®,u(0)=0.
m 0)

Which of the following statements are
correct?
1
(1) The function g(t,u) =t?u® does not
satisfy the Lipschitz’s condition with
respect to u in any neighbourhood of
u=0
There is no solution for the IVP
There exist more than one solution
for the IVP
1
The function g(t,u) =t?us satisfies
the Lipschitz’s condition with respect
to u in some neighbourhood of u =0
and hence there exists a unique
solution for the IVP.

Let u: R* - R be the solution to the
Cauchy problem:
Gu+28u=0 for (x,v) e B2,
ulx,y) =sin(x) fory=3x+LxeR

Let v: R> > R be the solution to the
Cauchy problem:

{cfjrv-l- 26v=0 for (x,v) e R?,

v(x,0) = sin (x) forx R

Let S =0, 1] x [0, 1].

Which of the following statements are
true?

(1) u changes sign in the interior of S.

(2) u(x, y) = v(x, y) along a line in S.

(3) v changes sign in the interior of S.

(4) v vanishes along a line in S.

Let us consider the follownig two initial
value problems

) {x'(t): XM, t>0,
x(0) =0,

(Q) {y,(t) = _M’ t > O’

y(0)=0.

Which of the following statements are

true?

(1) (P) has a unique solution in [0, ).

(2) (Q) has a unique solution in [0, «).

(3) (P) has infinitely many solutions in
[0, ).

(4) (Q) has infinitely many solutions in
[0, ).
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152. Let u = u(X, y) be the solution to the
following Cauchy problem

1
ux + uy = e for (x, y) € R x (0,—) and 155.
e

u(x, 0) =1 for x € R.
Which of the following statements are
true?

156.

(@) lim u(5,1) = 0

The following partial differential equation
2 2
o’u _3y267L21+67U_7=0
gy ox oy

(1) elliptic in {(x, y) € R®:y >0}

(2) parabolic in {(x, y) € R®: x>0, y > 0}
(3) hyperbolic in {(x, y) € R*: xy # 0}

(4) parabolic in {(x, y) € R?: xy = 0}

The smallest real number A for which the
problem

-y" +3y =1y, y(0) =0, y(r) =0

has a non-trivial solution is

Q)3 2) 2

31 (4) 4

153. Letf e CY(R) be bounded. Let us consider PART = C

the initial value problem

P) X'(t) = f(x(1)),t>0, 157.
x(0) =0.

Which of the following statements are

true?

(1) (P) has solution (s) defined for all t > 0.

(2) (P) has a unique solution.

(3) (P) has infinitely many solutions.

(4) The solution(s) of (P) is/are Lipschitz.

DECEMBER-2023

PART - B

154.  Consider the Cauchy problem for the wave
equation 158.

o°u

?:0, — 0 < X <00, t>0,
X

1
7J x#0,
x=0,

a—u(x,O) =xe™¥, xeR.
ot

Which one of the following is true?
(1) !im u(s,t)=1
(2) !im u,t)=2

1

(3) !ILTl u(s,t) = 5

Consider the following initial value problem

, 1. .
y=y+§|sm(y2)|, x>0, y(0)=-1

Which of the following statements are
true?
(1) there exists an o € (0, ) such that

lim |y = o
X—a~

(2) y(x) exists on (0, «) and it is monotone

(3) y(x) exists on (0, ), but not bounded
below

(4) y(x) exists on (0, ), but not bounded
above

Let B ={(x, y) € R?: X* + y* < 1} be the
open unit disc in R? 8B = {(x, y) € R?: x*
+y? = 1} be its boundary and B = B U 8B.
For L € (0, »), let S, be the set of twice
continuously differentiable functions in B,
that are continuous on B and satisfy

(a_ujz + ﬁ(a—uj =1inB
OX oy

u(x, y) =0 on oB.
Then which of the following statements are
true?

1) S1=0

2) S, =0

(3) S; has exactly one element and S,
has exactly two elements

(4) S;and S, are both infinite
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159.  Consider the Cauchy problem

u MM () e Rx (0, ),

OX oy

u(x, 0) = kx, x e R,

with a given real parameter k. For which of
the following values of k does the above

problem have a solution defined on R x

(0, ©)?

k=0 2)k=-2

k=4 Nk=1

® @ 164.
160. Consider the problem

y'=(1-y)" cosy, y(0)=0.

Let J be the maximal interval of existence

and K be the range of the solution of the

above problem. Then which of the

following statements are true?

1)J=R (2) K=(-1,1)

(3)J=(-11) (4) K=[-1,1]

161. Consider the initial value problem
X2y - 2X°y' + (4x—-2)y =0, y(0) =0.
Suppose y = ¢(X) is a polynomial solution
satisfying ¢(1) = 1. Which of the following
statements are true?

(1) o(4) = 16 (2 p(2)=2
(3) 9(5) = 25 (4) 9(3)=3

JUNE-2024
PART - B

162. If u = u(x, t)is the solution of the initial
value problem
{ Up = Upy xsRt=0
ulx,0) =sin(4x) +x+1. x=R
satisfying |u(x,t) |<3eX for all x € R and
t >0, then

(2 u

-

166.
(3) u

(4)u

oy |y |y
i [

e

163.  Consider the initial value problem (IVP)
{}-"(.r] = JIylx)+e]. x =R
y(0) = y,.
Consider the following statements:

22

S;: There is an € > 0 such that for all yy €
R, the IVP has more than one solution.

S,: There is a yp € R such that for all € >
0, the IVP has more than one solution
Then

(1) both S; and S, are true

(2) Sy is true but S, is false

(3) S, is false but S, is true

(4) both S; and S, are false

Let u = u(x, t) be the solution of the
followoing initial value problem
Iur + 2024u, =0, x=H =10

ulx,0) = uylx), x=R

where U : R - R is an arbitrary C*
function. Consider the following
statements:

S IfA ={XxeR: ukXt) <1} and |A{
denotes the Lebesgue measure of A, for
every t > 0, then |A{ = |Ag|, Yt > 0.

S, . If Uy is Lebesgue integrable, then for
every t > 0, the function x — u(x, t) is
Lebesgue integrable.

Then

(1) both S; and S are true

(2) Sy is true but S, is false

(3) S, is true but S; is false

(4) both S; and S, are false

Let ¢ denote the solution to the boundary
value problem (BVP)

(xy’)’—2y'+X:1, l<x<e*
X

y(D) =0, y(e*)=4e".
Then the value of ¢(e) is

@ -< @ -
2 3

@) < @) e
3

PART -C

If X1 = Xq (1), X2 = Xo(t) is the solution of the
initial value problem

L dxg
e —=—X+X,,
dt
L dx,

dt
X, (0)=1,x,(0)=0.

and r(t) =% (t)+x2(t), then which of
the following statements are true?

e ==X, — Xy,
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Q)r(t) >0ast— +wo
() r(n2)=e™

(3) r(In 2) = 2e™
(4)r()e' > 0ast— + o

Consider the initial boundary value
problem (IBVP)

u +u,=2u, x>0,t>0
u@,t)=1+sint, t>0
u(x,0)=e*cosx, x>0

If u is the solution of the IBVP, then the
u(2z, ) "
u(z,2r)

Q) e” 2)e™
(3) - (4) €™

value of

Let B(O, 2) ={(x, y) € R?: x* + y2 <4}, and
0B denote the boundary of B(0, 2).

Assume (a, B) # (0, 0), k € R and u is any
solution to

-Au=0 inB(0,2),
au(x,y)+ﬂ%“(x,y)=1+<x2+y2>k onéB,

where v(X, y) is the unit outward normal to
B(O, 2) at (X, y) € o0B. Consider the
following statements:

S; : If B = 0, then there exists a (X, Yo) €

|1+ 4K |
B(0, 2) such that |U(X,, Y,) |= .

||
1
S, : If o =0, then k=—z.

Then

(1) Sy is true but S, is false
(2) S, is true but S, is false
(3) both S; and S, are true
(4) both S; and S, are false

Consider the initial value problem (IVP)

SV
Y= e "
y(0) = Yo.

Then which of the following statements are

true?

(1) There is a positive yy such that the
solutuon of the IVP is unbounded

(2) There is a negative y, such that the
solution of the IVP is bounded

(3) For everyy, € R, every solution of the
IVP is bounded

170.

171.
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(4) For every y, € R, there is a solution of
the IVP forallx e R

Consider the boundary value problem
(BVP)

(e™>*y") + 66y =—f(x),0<x<In 2,
y(0)=0,y(In 2) =0.
If

G(X,§)={

(Green’s

["6(x&) f(£)d& s the solution of the

BVP, then the values of B, C and D are
(1B=-2,C=-1,D=1
2)B=-2,C=1,D=-1
3)B=2,C=1,D=1
(4)B=2,C=-1,D=-1

(e¥ +Be®)(Ce* + De*), 0<£<x,
(e* +Be*)(Ce™ + De*), x<&<h?2,
function) is such that

DECEMBER-2024

PART - B

Suppose that the differential equation
d?y
dx?
transforms into a second order differential

equation with constant coefficients under
the change of independent variable given

+ P(x)ﬂ+ezxy=0,xdﬁ~l
dx

by s=s(x) satisfying ? (0) =1. Then
X

which of the following statements is true ?

(1) e*(P(x)+1)is a constant function on

R

(2) e®(P(x)) is a constant function on R
2X

(3) s(x)=e7, xeRk

(4) P(x) >lasx —»> o

LetU = U(X, Y) be the solution of the

Cauchy problem

ou ou
x&+ ya =u,(X,Yy) = (0,0),

u(x,)) =v1+x*,xe R.

Then which of the following statements is
true?

(1) u(L0)=0

23
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(2) u(x,, y;) =u(xz, ¥,)
wheneverx;? + vy =X; + Y3
3) u(L, y)=+2 for all yer
(4) u(xl’ yl) = U(Xz, yz)
wheneverx, +y, =X, + Y,

Letu = u(X,t) be a solution of the wave
equation
2 2
Zt_l: - ZTLZJ =0, x € R, t > 0 satisfying the
condition u(0,t) =0, Vt >0. Then which
of the following statements is true?
(1) u(x,t) =0, whenever x =t
(2) u(x,t) =0, whenever x = —t
(3) u(=x,t) =u(xt),
wheneverx >0,t >0
(4) u(=x,t) =-u(x,t) ,
whenever0 < x <t

Given that y, (x) = e is a solution of the
ordinary differential equation (ODE)
d? d
X 2/ —(3+4x)—y+(4x+6)y=0,x >0
dx dx
Let Y, = yz(x)
be the solution of the ODE satisfying the

2 2
e_1%(l) = 3i_'|'hen
4 dx 2
which of the following statements is true?
(1) y- is a strictly increasing function on

(0,0)

(2) ey, (X) >1las X —> o

(3) y2 is a strictly decreasing function
on (0, )

(4) e¥y,(x) > 0as x »> o

conditions y,(1) =

PART -C

175.
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Consider the non-homogeneous ordinary
differential equation (ODE)
2
d—z + SQ +6Yy =sin(e™), x>0.Then
dx d
which of the following statements are true?
(1) Every solution of the ODE is bounded on

(0,0).
(2)There exists a solution of the ODE which is

176.

unbounded on (0, «).
(3) Every solution of the ODE is unbounded
on (0, ).
(4) Every solution of the ODE tends to zero
as X —>0

If X =x(t), y=y(t)is the solution of
the initial value problem
dx 2t
— =X—-4e"y,
dt Y

d

d—3t’ —e?x—y, x(0) =1 y(0) =1, then
which of the following statements are
true?

(1) lim t7 x(t) y(t) =0
1
(2)x(@) =0, y(ij =0

@) x(%} ~0,y(1)=0
(4)lim t2x(t) yt)=2

ForbeR, let y, =Y, (X)be the unique
solution of the initial value problem

ﬂ:y5+y4+y3+y2+y+1,y(0):b

dx

defined on its maximal interval of
existence l,. Then which of the following
statements are true?

(1) There exists an «a € (0, 0) such that for
every b e R with b > &, the solution y, is
bounded above on I,

(2) There exists an «a € (0,%0) such that for
every b e R with b > «, the solution y, is
bounded below on Iy,

(3) There exists an « € (—0,0) such that for
every b e R with b < &, the solution yj is
bounded above on Iy,

(4) There exists an « € (—0,0) such that for
every b e R with b < &, the solution y, is
bounded below on Iy

Let u =u(X,Y) be the solution of the
boundary value problem

o’u Oy _ 5
o Fag =000 €010,
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179.

u(x,0) =e™,u(x,1) =—-e™,x e[0]],
u(0, y) = cos(ny) +sin( zy), y € [0,1],

u(l, y) =e” (cos(ny) +sin( zy)), y €[0.1].
Then there exists a
point (Xo, ¥o) € (0,2) x (0,1) such that

(1) U(Xo’ yo) = \/Ee”
@u(Xy, Yo) =€"

®3) U(XO! yo) =-1
(4)U(X01 yo) =—e”

Let U = u(X,t) be the solution of the initial-
boundary value problem

ou o4
— = o (D e (0,)

o’u o%u
—2——2:0,X E[R,t>0,
ot®  ox

ux, 0) =1 +x% x eR,

6—u(x, 0)=x+1,xeR

ot

Then the value of u(1, 1) is
Q2 2)3

3) 4 45

Let u = u(x, y) be the solution to the
Cauchy problem

ou ou

(y+U)—+y—=X—-Y,xeR,y>0
OX oy

uix,1)=1+x,x eR.

Then which of the following statements is

u(x,0) =4x@-x),x[01], true?
(Hu, 1)
u(0,t)=u(@,t)=0,t>0. )

2)u(2, 2
Then which of the following statements are
true? B uE, 3) =

(1) !im u(x,t)=0 for all xe(0,)
2) u(x,t) =u(l-xt) for all xe(0,1),
t>0

(4 u4,4) =

2
4
3
2
2
3

Let (":‘:'njn =% be the sequence of
eigenvalues of the Sturm-Liouville problem
function of t d( d A

1 , _ . el e 4 +-y=0, 1l<x<e”,
(4)L ((x,t))“ dx is a non-decreasing function dx\ dx/) x

of t y(@) =0,y(e*")=0.

3) .E (u(x,1))*dx is a non-increasing

=1
JUNE-2025 Then Z— is equal to

n=1 “Yn

PART - B
- 2 2r*

Vs

oy : , D — @
180. If ¢(x) = x is a solution of the ordinary 12 3
differential equation (ODE) 2 2

/4 /4
d? 2 1)(._d (3) — @) ——
dxg_[xz+xj(xd_§_yjzo’o<x<w’ ’ o
then the general solution of the ODE is
given by
(1) (a +be™x, a, b eR 184.
() (a+be®)x, a, b eR (OZDE)
(3)ae”+bx,a b eR d Y+ (cos(x))ﬂ +(sin( X))y = 0.
(4) (a+be’x, a, b eR dx dx
Let ¢,(X), @,(X) be solutions of ODE,

satisfying

PART-C

Consider the ordinary differential equation

Let u = u(x, t) be the solution of
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1.

2.

2.0 =124 0)=0, and ¢,(x =0, 2% (0) =1,
dx dx

Then which of the following statements are
true?

@, (X+ 27)is also a solution of ODE
@,(X+4r)is also a solution of ODE
There are NO constants a, b such that

D, (X+4rx) = ao, (X)+ b(”z (X)
There exist a, b € Esuch that

@, (X+27) = ag, (X) + b, (X)

Let f: R =R be a twice continuously
differentiable non-zero function such that
f(txy, txo)=t>f(x,, Xo) for all t >0 and (X1, X»)
g E*. Which of the following statements
are necessarily true?

31(1,1)+Si(1,1) =f@1)
oX, OX,

i(1,—1)—i(1,—1) =3f(1,-1)
0%, oX,
, O f

of
X; (xl,xz)+><§a—(x1,xz)

ES X,
+2XX, az—f(xl’ X,) =61 (x,X%,)
OX,0X,
, 02 f

of
X; (xl,xz)+><§a—(x1,xz)

ox; X,
2

o f
#20 S () =91 (6.,

For a continuous function q defined on E,
consider the ordinary differential equation
(ODE)

2

d7y
dx®

Then which of the following statements are
FALSE?

There exists a g such that cos(x) and

e“cos(x) are solutions of ODE

There exists a g such that sin(x) and
cos(x) are solutions of ODE

There exists a q such that e*sin(x) and
e*cos(2x) are solutions of ODE

There exists a g such that xe* and
x(x-1)e* are solutions of ODE

+q(x)y =0, x ek

Consider the initial value problem (IVP)
y'+y=0,y(0)=1.
Let (y,) be the iterates of forward Euler
method, applied to the IVP, with step size
h where 0 <h<1.
Then which of the following statements are
true?

The sequence (y,) does NOT

converge
Yn—>0as n— o

0<y,<lforn=012,..
| y(nh)—y,|>0asn—ow

Suppose u = u(x, y) is the solution of the
boundary value problem

2 2
UL UL N pin{(xy)e R
X oy? ox
X2+ y? <1},
u(x,y) =1+2x’y? on{(x,y) e Rk
X2+ y% <13,
Then which of the following statements are

true?
The minimum value of uis 1

The maximum value of u is 3
The minimum value of u is 2

3
The maximum value of u is E

LetD = {(x,y) € R*

—1<x<1, -1<y<l},and f:D> E
be the function defined by

f(x, y) =1+ 4y, , where y, = max{y, O}.
Consider the initial value problem (IVP)

Yt x ). y(0) =0.
dx

Then which of the following statements are
true?

. fis a Lipschtiz continuous function on D
. fis NOT a Lipschtiz continuous function

onD
IVP has at least one solution
IVP has NO solution

Consider the Cauchy problem (CP)

xa—u+6—u=1,

ox oy
u@©,y)=e’, ye k.
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Then which of the following statements are
true?

There is NO neighbourhood of the origin
on which (CP) has a solution

(CP) has a unique solution defined on
some neighbourhood of the origin

(CP) ha sa unique solution defined on
some neighbourhood of the point (0, 1) in
the xy-plane

(CP) has an infinite number of solutions,
each of which is defined on some
neighbourhood of the origin
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