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PART - B

Let ACR and f : A— R be given by f(x) = x". Then fis uniformly continuous if
1. A is bounded subset of R.

2. A is a dense subset of R.

3. A is an unbounded and connected subset of R.

4. A is an unbounded and open subset of R.

Let a, P be real numbers and o >1.

0 1 00
].pr>1,thenj 1 dx < oo. 2.1f p>—, then de<oo.
x| R

1 0 0
3.If p<—, then ﬁdx<oo. 4. For any pe[R,wehaveI ﬁdx=oo
a - | X | P | x|P

Let T:X —Y be a function from a metric space X to another metric space Y. For any Cauchy
sequence {x,} in X,
1. iffis continuous then {f(x )} is a Cauchy sequence in Y.
if {fx )} is Cauchy then {f(x )} is always convergent in Y.
if {f(x,)} is Cauchy in Y then f'is continuous.
. {x,} is always convergent in X.

.1 1 1 1

im — + +.ot equals
“*”\/ﬁ(ﬁﬂ@ J3+45 \/2n—1+\/2n+1j

142

342 +1

Consider the following sets of functions on R
W=The set of constant functions on R
X=The set of polynomial functions on R
Y=The set of continuous functions on R
Z=The set of all functions on R.

Which of these sets has the same cardinality as that of R?
1. Only W. 2. Only W and X.
3. Only WX and Z. 4. All of W. XY and Z.
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. n
Let p(x) be a polynomial in the real variable x of degree 5. Then lim in) is

n—oo 2

1.5 2.1
3.0 4. o©

For a continuous function f R —Rlet Z(f)={xeR: f(X)=0}. Then Z(f) is always
1. compact 2. open
3. connected 4. Closed

PART - C

Let X ={(x,y) e R’ x? +y? <5} and K={(x,y)e R’ :1<x®+y? <2 or 3 <x®+y?<4}
Then,
1. X \K has three connected components.

X\ K has no relatively compact connected component in X.

2
3. X\K has two relatively compact connected components in X.
4

All connected components of X \ K are relatively compact in X.

For two subsets X and Y of R, let X +Y ={x+y:xe X,yeY}
1. If X and Y are open sets then X+Y is open.

2. If X and Y are closed sets then X+Y is closed.

3. If X and Y are compact sets then X+Y is compact.

4. If Xis closed and Y is compact then X+Y is closed.

Let {f} be a sequence of continuous functions on R.

1. If{f} converges to f pointwise on R, then lim ) f,(x)dx = f f (x)dx.

2. If'{f,} converges to funiformly on R then lim _OO f,(X)dx = J._OO f (x)dx.

3. If'{f,} converges to funiformly on R, then f'is continuous on R.

4. There exists a sequence of continuous functions {f,} on R, such that {f,} converges to f

uniformly on R, but lim J:OO f, (x)dx = J-jo f (x)dx.

Let {a,}, {b,} be given bounded sequences of positive real numbers. Then (Here a, T a means a,
increase to a as n goes to ©, similarly, b, | b means b, decreases to b as n goes to ©

1. if a, Ta, then sup,_,(a,b,)=a(sup,.,b,).

2.if a, Ta, then sup,.,(a,b,)<a(sup ., b,).

3.if b, b, then inf _ (a,b,)=(inf ., a,)b.

4.if b, b, then inf _ (a b, )>(nf  a)b.

2
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Let S <R’ be defined by S ={(m+%,n+2%j: m,n, p,qeZ } . Then,

1. S is discrete in R’.

2. the set of limit points of S is the set {(M,N):M,Ne€Z}.
3. R°\S is connected but not path connected.

4. R°\S is path connected.

Let a,b,c be positive real numbers, D ={(X,%,,%;) € R?: x? + x? + x? <1},
. a 0 0
X X
—é-i——gﬁl} and A=|0 b 0], det A > 1. Then, for a compactly

X2
E:{(X11X21X3)E|R3:a_12+b c
0 0 c

supported continuous function fon R’, which of the following are correct?

1
L. ij(Ax)dx=jEf(x)dx 2, _[Df(Ax)dx=%'[Df(x)dx

1
3. _1 4. | fidx) dx = — d
J'Df(Ax)dx abcjEf(x)dx rff( x) dx b [{ 3f(X) x

Let f: (0,1)—R be continuous. Suppose that |f{x) — f(y)|<|sinx — siny| for all X,y € (0,1). Then

1. fis discontinuous at least at one point in (0,1).
f'is continuous everywhere on (0,1), but not uniformly continuous on (0,1).

2
3. fis uniformly continuous on (0,1).
4 lim f(X) exists.

x—0"

Let p,(X)=a,x*+b,x+c, be asequence of quadratic polynomials where a,,b,,c,ER, for all

n n

n21. Let Ay, A, A, be distinct real numbers such that lim p, (4,)=A,, lim p (1) =A and
n—o n—o0

im p,(4,)=A,. Then

1. lim p,(X) exists for all xeR. 2. lim p; (X) exists for all xeR.

(/10 + A, + A,

3. lim p, 3

n—o0

. : (At h+4, .
does not exist. 4. lim p T does not exist.

n
n—o0

Define f :R*—R’by (X, y)=(X+2y+Y2+|xy|,2x+y+Xx*>+|xy|) for (X,y) €R’. Then
1. fis discontinuous at (0,0).

2. f'is continuous at (0,0) but not differentiable at (0,0).

3. fis differentiable at (0,0).

4. fis differentiable at (0,0) and the derivative Df(0,0) is invertible.

X y
A= Ziox+y=-1}. f:A> R’ f(x,y)= , :
Let A={(x,y) e R y # —1} .Define R* by F(xy) [1+X+y 1+X+yj

Then,
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the Jacobian matrix of f does not vanish on A
. fis infinitely differentiable on A
. fis injective on A

. f4) =R’
Which of the following are compact?
(o) eR7:(x=D*+(y-2)° =RU{(x,y) e R*:y=3}.

{(l,lje R2: m, n e Z \ {0} }u{(0,0)} u{l,o}m e Z\ {0} } u{(o,lj : neZ\{0} }
m n m n

{(x,y,2) e R’ : x* +2y* -32° =1}.
{(x,y,2) eR’| x|+2| y|+3| z|< 1}.

DECEMBER - 2014

PART - B

Let {b,} and {c,} be sequences of real numbers. Then a necessary and sufficient condition for the

sequence of polynomials f_(X)=b, x+c, x* to converge uniformly to 0 on the real line is

1. lmb, =0 and limc, =0

N—o0 n—o0

2. 37 b, l<oo and > |c, <o

There exists a positive integer N such that b,=0 and c,=0 for all n > N
limc, =0

nN—

» (nh)*
=0 (kn)!

Let k be a positive integer. The radius of convergence of the series Z z" is

1k 2.k7F
3. k" 4. ©

Suppose P is a polynomial with real coefficients. Then which of the following statements is
necessarily true?

1. There is no root of the derivative P' between two real roots of the polynomial P .

2. There is exactly one root of the derivative P’ between any two real roots of P .

3. There is exactly one root of the derivative P’ between any two consecutive roots of P .

4. There is at least one root of the derivative P’ between any two consecutive roots of P .

Let G ={(X, T (X)) :0< X <1} be the graph of a real valued differentiable function f. Assume that
(1,0) € G. Suppose that the tangent vector to G at any point is perpendicular to the radius vector at
that point. Then which of the following is true?

1. G is the arc of an ellipse. 2. G is the arc of a circle.

3. G is a line segment. 4. G is the arc of a parabola.
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Let Q c R" be an open set and T :Q — R be a differentiable function such that (Df)(x)= 0 for all
X € Q. Then which of the following is true?

1. fmust be a constant function.

2. ' must be constant on connected components of €.
3. f(x)=0or I for XeQ.
4. The range of the function f'is a subset of /.

Let {a,:n>1} be a sequence of real numbers such that Z:lan is convergent and z::l| a, |

is divergent. Let R be the radius of convergence of the power series Z:O_lanx”. Then we can

conclude that
1. 0<R<l1 2.R=1
3. 1<R<w 4. R=o0

Let P: R—R be a polynomial of the form P(x)=a,+ax+ax’, with a,a,a, € R and a,#0.

Let E, :J‘:P(X)dx—%(P(O)Jr PQ), E, = EP(X)dX— P(%) If |x| is the absolute value of X €R,

then
1. |E,|>|E,| 2. |E,|>|E|]
3. |E,|=|E)| 4. |E,|=2|E}|

PART - C

Let E be a subset of R. Then the characteristic function ¥ ,: R-> R is continuous if and only if
1. E is closed 2. Eis open
3. E is both open and closed 4. E is neither open nor closed

Suppose that P is a monic polynomial of degree n in one variable with real coefficients and K is a
real number. Then which of the following statements is/are necessarily true?

1. If n is even and K >0, then there exists X, € R such that P(x,)=K €™

2. Ifnis odd and K < 0, then there exists X, € R such that P(x,)=K e

3. For any natural number n and 0< K<I, there exists X, € R such that P(x,)=Ke*
4. Ifnis odd and K € R, then there exists X, € R such that P(x,)=Ke*

Let {a,} be an unbounded, strictly increasing sequence of positive real numbers and

X, = (8., —a,)/a, . Which of the following statements is/are correct?

a
1. For all n>m, z: X >1--—T. 2. There exists n > m such that Z: X >l
- a -

n

3. Zk:l X, converges to a finite limit. 4. Zk:l X, diverges to .
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For a non — empty subset S and a point x in a connected metric space (X,d), let
d(x,S)=inf {d(x,y): Y € S}. Which of the following statements is/are correct?
1. If S'is closed and d(x,S)>0 then x is not an accumulation point of S

2. If S is open and d(x,S)>0 then x is not an accumulation point of S.
3. If Sis closed and d(x,S)>0 then S does not contain x

4. If S is open and d(x,S)=0 then X€S .
Let f be a continuously differentiable function on R. Suppose that L =lim (f(X)+ f'(X)) exists. If
X—>0

0<L<oo, then which of the following statements is/are correct?

1. If lim f'(X) exists, then itis 0
X—00

2.If im f(X) exists, then it is L
X—00

3.If lim f'(X) exists, then lim f(x)=0

4. If lim f(X) exists, then lim f'(x)=L

Let A be a subset of R. Which of the following properties imply that A is compact?
1. Every continuous function f from A to R is bounded.

2. Every sequence {x,} in A has a convergent subsequence converging to a point in A.
3. There exists a continuous function from A onto [0,1].

4. There is no one-one and continuous function from A onto (0,1).

Let f be a monotonically increasing function from [0,1] into [0,1]. Which of the following
Statements is/are true?

1. fmust be continuous at all but finitely many points in [0,1].

2. fmust be continuous at all but countably many points in [0,1].

3. fmust be Riemann integrable.

4. f must be Lebesgue integrable.

Let X be a metric space and f : X — R be a continuous function. Let G = {(x, f{(x)): X € X} be the

graph of f. Then
1. G is homeomorphic to X

2. G is homeomorphic to R
3. G is homeomorphic to X X R
4. G is homeomorphic to R x X

Let X ={(a,b) eR’:a%+b? =1} be the unit circle inside R’. Let f : X — R be a continuous
function. Then:

1. Image (f) is connected.

2. Image (f) is compact.

3. The given information is not sufficient to determine whether image (f) is bounded.

4. fis not injective.
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1+2 1+2+3
+

7 3 +...equals

The sum of the series % +

1. e 2.E .ﬁ
2 2

2X
The limit lim l Ie_tzdt

x—>0 X

1. does not exist. . is infinite.
3. exists and equals 1. . exists and equals 0.

Let f:X — X such that T(f(x))=x for all xe X. Then
1. f is one to-one and onto. 2. fis one to-one ,but not onto.
3. fis onto but not one-to-one. 4. fneed not be either one-to-one or onto.

A polynomial of odd degree with real coefficients must have
1. at least one real root. 2. no real root.
3. only real roots 4. at least one root which is not real.

Let for each n > 1, C, be the open disc in R’ with centre at the point (n,0) and radius equal to n.
Then C = UCn is
nx1
1.{xy) € R’ :x>0and|y| < x} 2.{(xy) € R’ :x> 0and|y| < 2x}
3.{(xy) € R’ :x>0and|y| < 3x} 4.{xy) € R’ :x>0}

Let f R—R be a polynomial of the form f(X)=a,+aX+a,x* with 8,,8,,a, €R
anda, 0. If €, = [ £ (x)dx—[ (1) + F©)], Ez:jf(x)dx—;(f(—1)+2f(0)+f(l)) and || is  the

-1
absolute value of X € R, then

1. |E|<|E,| 2. |Ey|=2E,| 3. |E)|=4E,| 4. |E|=8E,|
PART - C

Let a be positive real number. Which of the following integrals are convergent?

a

1 1 o1 R 1
lj.FdX Zlﬁdx 3.J‘X|()gexdx 4jmdx

0 4 5

Forn>1, let g,(X)=sin 2(X+%} X €[0,0) and f,(X) = J- g, (t)dt. Then
0
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1. {f.} converges pointwise to a function fon [0,), but does not converge uniformly on [0, ).
2. {f.} does not converge pointwise to any function on [0, ).

3. {f.} converges uniformly on [0,1].

4. {f.} converges uniformly on [0, ).

Which of the following sets in R’ have positive Lebesgue measure?
For two sets A, B C R’
[A+B={a+b|aeA,beBg
LS ={(xy)x +y =1} 2.8={y| X’ +y <1}
3.8={xYlx=y} t{xylx=-y} 4. S8={xy|x=y} t{Exy|x=y}

Let f be a bounded function on R and a€R. For & > 0, Let w(a, d) = sup|f(x) — fla)|, x € [a-0,
a+9d]. Then

1. w(a,6,) £ w(as,) if §,<9,

2. lim w(a,0)=0 forallaeR

3. lim w(a, &) need not exist.

4. lim

5—0+
o—0+

w(a,8)=0 if and only if f'is continuous at a.

50+

1
Fornz22 let a, = . Then
nlogn

1. The sequence {a, },_, is convergent.

00
2. The series E _, &, is convergent.
. © 2.
3. The series anz a, is convergent.

4. The series Z:;Z (-D"a, is convergent.

Which of the following sets of functions are uncountable? (N stands for the set of natural numbers.)
LA N={12}} 2Af1fHL2 = N}
3ASIAL2E— N, fl1) £(2)} 4A1N= {12}, (1) < f(2)}

Let {a,,a,,a,,....} be a sequence of real numbers. For any k 2 1, let s ZZEfanK' Which of the

following statements are correct?

1. If im S, exists, then Z::o a,, exisis.

2.If Iim

N—0 Sn

. o0 .
exists, then E o Am need not exist.

3. If E OO:o a_ exists, then im S exists.

4.1If E Oo:o a,, exists, then lim S, need not exist.

nN—o =N
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For (xy) € R with (x, y) # (0,0), let © = O (x,y) be the unique real number such that -n < 0 <
and (x,y) = (r cos 0, r sin 0), where ¥ =|X* + y* . Then the resulting function 9 : R’\{(0,0)} —
R is

1. differentiable 2. continuous, but not differentiable

3. bounded, but not continuous 4. neither bounded, nor continuous

Let f: R — R be a twice continuously differentiable function, with f{0) = f(1) = f'(0) = 0. Then
1. 1" is the zero function. 2. £"(0) is zero.

3.f"(x) = 0 for some x € (0,1) 4. " never vanishes.
1 [ 1 1 1 j

im — + 4o+ i

o n (V2 +44 Ja+6 J2n+42n+2

1
1. 2 2 — 342 +1
V2

k

Let S, = znlé. Which of the following is true?

n
1§, > 5 Jor everyn 2 1. 2. 8, is a bounded sequence

3. ‘S —-S...|—0 asn— o 4.i_>1asn—>oo

n

on 2n—1

Let A be a closed subset of R, A # ¢, A # R. Then A is
1. the closure of the interior of A. 2. a countable set
3. a compact set 4. not open

Letf: [0, ©) — [0, ©0) be a continuous function. Which of the following is correct?

1. There is x, € [0, ©) such that f(x,) = x,,.

2.1f fl(x) <M for all x € [0, o) for some M > 0, then there exists x, € [0, 00) such that f(x,) = x,
3. If fhas a fixed point, then it must be unique

4. fdoes not have a fixed point unless it is differentiable on (0, )

PART - C

Let f: R — R be a differentiable function such that Sup | f'(X) |< oo. Then,

xeR
1. fmaps a bounded sequence to a bounded sequence.

Phone: 9876311001 e—mail: mathsmim@gmail.com web: www.onlinemim.com




:m MOHAN INSTITUTE OF MATHEMATICS
Dedicated To Disseminating Mathematical Knowledge

2. fmaps a Cauchy sequence to a Cauchy sequence.
3. fmaps a convergent sequence to a convergent sequence.
4. fis uniformly continuous.

: k2x*y’
For (x,y) € R°, consider the series lim Zn y

o . Then the series converges for (x,y) in
nN—0 =

1. (-1, 1) X (0, ©) 22.Rx(-1,1)
3.(-1, 1) x (-1, 1) 4 RxR

Let f: R? = R’ be given by the formula flx,y) = (3x + 2y + y" + |xy|, 2x + 3y + x° + |xy|). Then,
1. fis discontinuous at (0,0).

2. fis continuous at (0,0) but not differentiable at (0,0).

3. fis differentiable at (0,0).

4. fis differentiable at (0,0) and the derivative Df (0,0) is invertible.

Letp (x) = anxz + b, x be a sequence of quadratic polynomials where a, b, € R for alln > 1. Let
Ay, N, be distinct non-zero real numbers such that lim,_,o, p, (\,) and lim . p,(\,) exist. Then,

1. lim s, p,(x) exists for all x € R. 2. lim, s p',(x) exists for all x € R.

th hth

does not exist.
2 2 j

j does not exist. 4. lim o P, (

3. lim, o P, (

Let t and a be positive real numbers. Define B, = {x = (x,, X,, ..., x,) €R", x; +x,/ + ...
a’).
Then for any compactly supported continuous function f on R" which of the following are correct?

L[ () dx:jB[ f ()t "dx. 2 L f (tx) dx=jB f (x)tdx.
3. Jgn fix + ) dx = [gn fx) dx, for some y € R, 4. Jan fir) dx = [an f) £ dx.

Consider all sequences {f,} of real valued continuous functions on [0, ). Identify which of the
following statements are correct.

If {f.} converges to f pointwise on [0, ®), then lm J:O f, (X) dX:J:o f (x) dx

If {f,} converges to funiformly on [0, ), then lim IOOO f, (X) CIXZJ.OOO f (x) dx

If {f.} converges to funiformly on [0, ®), then f'is continuous on [0, ).

There exists a sequence of continuous functions {f,} on [0, ) such that {f,} converges to [

uniformly on [0, ) but m jo T (X)dx= L " (x) dx.

Let G, and G, be two subsets of R* and f: R’ — R’ be a function. Then,

10
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LG,V G) =G Uf(Gy)

2.6 =Gy

3. f(G,N G, = f(G) N f(G))

4. If G, is open and G, is closed then G, + G, = {x +y : x € G,, y € G,} is neither open nor closed.

y X
14X+Yy 1+X+Y

Let A ={(x,y) € R’ : x+y#-1}. Define f:A — R* by f(x,y) :[

]. Then,

1. the determinant of the Jacobian of f does not vanish on A.
2. f'is infinitely differentiable on A.
3. fis one to one.

4. f(4) = R’.

Letf: R’ — R’ be the function f{r, ©) = (r cos®, r sin®). Then for which of the open subsets U of R’

given below, frestricted to U admits an inverse?
LU=R’

2U={(xy) e R :x>0,y> 0}

3.U={(xy) e R°:xX+)y' <1}

4 U={(xy) e R®:x<-1,y<-I}

Let S [szedeﬁnedbyS={ (m n+ij cm,np g€l } Then,

MR
1. S is discrete in R,

2. The set of limit points of S is the set {(m, n):m, n € Z}.
3. 8¢ is connected but not path connected.
4. S is path connected.

Which of the following statements is/are true?

1. There exists a continuous map f: R — R such that f (R) = Q.

2. There exists a continuous map f : R — R such that f(R) = 7.

3. There exists a continuous map f: R — R’ such that fiR) = {(x,y) € R’ : X" +y' = I}.

4. There exists a continuous map f- [0,1] U [2,3] — {0,1}.

Let f: (0, 1) > R be continuous. Suppose that |f(x) — f(v)| < |cos x — cos y| for all x, y € (0, 1).
Then,

1. fis discontinuous at least at one point in (0, 1).

2. fis continuous everywhere on (0, 1) but not uniformly continuous on (0, 1).

3. fis uniformly continuous on (0, 1).

11
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4. lim f(x) exists.
x—0*

JUNE - 2016

PART - B

Consider the improper Riemann integral J: y‘“zdy . This integral is:

1. continuous in [0, ©) 2. continuous only in (0, ©)

3. discontinuous in (0, o) 4. discontinuous only in (1/2, ®©)

Which one of the following statements is true for the sequence of functions
£00 =t n=12,...xe[L/2,1]?
n"+Xx
1. The sequence is monotonic and has 0 as the limit for all x € [1/2, 1] as N —> 0.

1
2. The sequence is not monotonic but has f(X) =— as the limit as N — oo.
X

1
3. The sequence is monotonic and has f (X) = — as the limit as N — oo.
X

4. The sequence is not monotonic but has 0 as the limit.

: 1Y
!]I_rpw(l — n—zj equals
11 2.7
Consider the interval (-1,1) and a sequence {an }::1 of elements in it. Then,

1. Every limit point of {a} isin (-1,1)
Every limit point of {& .} isin [-1,1]

2
3. The limit points of {« .} can only be in {-1,0,1}
4

The limit points of {c, } cannot be in {-1,0,1}

Let F : R = R be a monotonic function. Then

1. F has no discontinuities

2. F has only finitely many discontinuities

3. F can have at most countably many discontinuities
4. F can have uncountably many discontinuities

2

Consider the function f(X,y) = %,(X, y)el[l/2,3/2]x[1/2,3/2].

The derivative of the function at (1,1) along the direction (1,1) is
1.0 2.1 3.2
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PART - C

Let {x,} be an arbitrary sequence of real numbers. Then

1. Z?:1|Xn|p < oofor some 1 < p < oo implies z:=1|xn|q < ©forq>p.

2. Z:O:l|xn|p < oofor some 1 < p < o implies z::l\xn\q <o forany 1 < g <p.

P
n| < oo but

3. Given any I[<p<q<oo, there is a real sequence {x,j} such that ZC::JX

o q
= 00,
2%l

4. Given any 1<q <p<oo, there is a real sequence {x,} such that Z::1|Xn|p < oo but
o q
D IXa| =0

Let f: R — R be a continuous function and f(x+1) = f(x) for all xeR. Then
1. fis bounded above, but not bounded below

2. fis bounded above and below, but may not attain its bounds.

3. fis bounded above and below and f attains its bounds.

4. f'is uniformly continuous.

X T X,

Letx, =0, x, =1, and for n 2 3, define X, = 2. Which of the following is/are true?

1. {x,} is a monotone sequence. 2. lim X =

n—oo n

3. {x} is a Cauchy sequence. 4. lm X, =

n

Take the closed interval [0,1] and open interval (1/3, 2/3). Let K = [0,1]\(1/3,2/3). For x€[0,1]
define f(x) = d(x,K) where d(x,K) = inf {|x —y| |y € K}. Then

1. f:[01] — R is differentiable at all points of (0,1)

2. f:]0,1] — R is not differentiable at 1/3 and 2/3

3. f:]0,1] — R is not differentiable at 1/2
4

. f2[0,1] — R is not continuous

Which of the following functions is/are uniformly continuous on the interval (0,1) ?

1 2. sin l 3. xsin l 4. SIS

1. —
X X X X

Let A be any set. Let P(A) be the power set of A, that is, the set of all subsets of A; P(A)={B : B
CA,.

Then which of the following is/are true about the set P(A)?

1. P(A)= ¢ for some A. 2. P(A) is a finite set for some A.

3. P(A) is a countable set for some A. 4. P(A) is a uncountable set for some A.

13
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2 - - -
Define fon [0,1] by f(X) = X _If X_ |s_rat|f)nal . Then
x* if x is irrational

. fis not Riemann integrable on [0,1].
. fis Riemann integrable and .[: f(x)dx = %

fis Riemann integrable and J.Ol f (x)dx = %

L_ P roodx < [ Fx)dx = where [ (dx and [ (x)dxare the | d
Z_'[ (x) X<J‘0 (x) X—g,w ere .[o (x)dx an .[0 (x)dx are the lower and upper

Riemann integrals of f.

1
Consider the integral A = L X" (L—X)"dx. Pick each correct statement from below.

1. A is not a rational number 2.0<A4= 4"
3. A is a natural number. 4. A7 is a natural number.

DECEMBER - 2016

PART - B

Consider the sets of sequences X = {(x,) : x, €{0, 1}, n € N}and Y ={(x,) €X : x, = 1 for at most
finitely many n}. Then
1. X'is countable, Y is finite. 2. X is uncountable, Y is countable.

3. Xis countable, Y is countable. 4. X is uncountable, Y is uncountable.

Let f: R’—R’ be given by f(x, y) = (@, V' + sinx). Then the derivative of f at (x, y) is the linear

transformation given by
2X 0
2.
2y COSX

; 2X 0

“lcosx 2y
2

N y COSX 4 2X 2y
2X 0 0 Cos X

A function f: R°—R is defined by f{x, ) = xy. Let v = (1, 2) and a = (a,, a,) be two elements of R’.
The directional derivative of f'in the direction of v at a is:
l.a, + 2a, 2.a,+ 2a,

a 4
3 2+ 4 L+a
2 " 2 7

2n-1

.1 .
Im —- Z j® equals
—% o0

I
n

4
1

1.
3.

14
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84. f: R — Ris such that f(0) = 0 and ‘j—f (X)|<5  forall x. We can conclude that f(1) is in
X
1.(5,6) 2.[-5, 5] 3. (-0, -5) U (5,0) 4. [-4, 4]

Let G be an open set in R". Two points x, y € G are said to be equivalent if they can be joined by a
continuous path completely lying inside G. Number of equivalence classes is

1. only one 2. at most finite

3. at most countable 4. can be finite, countable or uncountable

PART - C

Let s €(0,1). Then decide which of the following are true.
1. YMeN, I neN s.t. s>m/n 2. VmeN, 3 neN s.t. s<m/n
3. VmeN, 3 neN s.t. s=m/n 4. YmeN, 3 neN s.t. s=m+n

Letf,(x)=(-x)", x€[0,1]. Then decide which of the following are true.
1. there exists a pointwise convergent subsequence of f,.

2. f, has no pointwise convergent subsequence.

3. f, converges pointwise everywhere.

4. f, has exactly one pointwise convergent subsequence.

1
Which of the following are true for the function f(x)=sin(x)sin (—j, x€(0,1) ?
X

L Iiﬂf(x)zﬁf(x) 2 Iiﬂf(x)<@f(x)

x—0 x—0

3. lim f(x)=1 4. ﬁf(x):o

x—0

Find out which of the following series converge uniformly for x€ (-7, 7).

2 g = sin( xn) = (xY' < 1
2 > n® > zl(n) * Z((x+7r)n)2

n=1 n=1

Decide which of the following functions are uniformly continuous on (0,1).
1. f(x)=¢" 2. f(X)=x

3 f(x)= tan(%) 4. (x)=sin(x)

Let y,(X) denote the function which is 1 if x € A and 0 otherwise. Consider
200

F(x) = Z%Z[O n}(x), X [0,1]. Then f) is

n=1 '200
1. Riemann integrable on [0,1]. 2. Lebesgue integrable on [0,1]

3. is a continuous function on [0,1]. 4. is a monotone function on [0,1].

15
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A function f{x,y) on R’ has the following partial derivatives % (x,y) =x?, % (X,Y) =Y?. Then
X

1. fhas directional derivatives in all directions everywhere.

2. f has derivative at all points.

3. fhas directional derivative only along the direction (1,1) everywhere.
4

. fdoes not have directional derivatives in any direction everywhere.
1

Let d,, d, be the following metrices on R". d,(x,y)= Z| % =Y | d,(X, y):(z:|xi —y |2j2_Then
i1 =
decide which of the following is a metric on R"?

__4(xy)+d,(x.y) _ ~
1. d(x, y)_1+dl(x, V)5 ,(x,y) 2..d(x,y)=d,(x, y)—d,(x,y)

3.d(x,y) =d, (% y) +d,(x, y) 4. d(x,y)=e"d,(x, y)+e7"d,(X,Y)

Let A be the following subset of R”:4 = {(x,y):(x+1)’+y’<SI}U{(x,y):y=x sin 1, x>0} Then
X

1. A is connected

2. A is compact

3. A is path connected
4. A is bounded

Let (X,d) be a metric space. Then
1. An arbitrary open set G in X is a countable union of closed sets.

An arbitrary open set G in X cannot be countable union of closed sets if X is connected.

2
3. An arbitrary open set G in X is a countable union of closed sets only if X is countable.
4

An arbitrary open set G in X is a countable union of closed sets only if X is locally compact.

Let S = {(x,y)ER’| -1 Sx < I and -1 <y < 1}. Let T=S\ (0,0), the set obtained by removing the

origin from S. Let f be a continuous function from T to R. Choose all correct options.
1. Image of f must be connected.
2. Image of f must be compact.

3. Any such continuous function f can be extended to a continuous function from S to R.

4. If f can be extended to a continuous function from S to R then the image of f'is bounded.

JUNE - 2017

PART - B

L i 1
97. =im_,_ W Then

1. L=0
3. 0<L<oo

16
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Consider the sequence a, =|1+ (-1)" 1] . Then
n

1. limsupa, =lminf a, = 2. imsupa, =liminf a, =e

n—oo n—o

n—oo n—oo

J o . . 1
3. limsupa, =liminf a, = 4. limsupa, =¢,liminf a, ==
n—o0 n—oo e

n—oo n—ow

For a>0, the series Zam” is convergent if and only if

n=1

l. 0<a<e 2. O0<ac<e 3.0<a<1

Let f: R — R be defined by f(x)=

1. T is not continuous 2. f is continuous but not differentiable

3. fis differentiable 4. f is not bounded

Let A = {n € N : n =1 or the only prime factors of n are 2 or 3}, for example, 6 € A, 10 ¢ A.
1

Let S ZZneAH' Then

1. A is finite 2. S'is a divergent series 3.8=3

Forn=1, let f (X)= xe ™, x € R. Then the sequence {f .} is

1. uniformly convergent on R

. uniformly convergent only on compact subsets of R

2
3. bounded and not uniformly convergent on R
4. a sequence of unbounded functions

Let f :R — R be a continuous map. Choose the correct statement.
1. f is bounded

2. The image of f is an open subset of R
3. T(A) is bounded for all bounded subsets A of R

4. f _1(A) is compact for all compact subsets A of R

Suppose X:[0,00)—[0,00) is continuous and x(0)=0. If (X(t))? < 2+J.; X(s)ds, Vt >0, then
which of the following is TRUE?

1. x(~/2)€[0,2] 2 X(ﬁ)e[o,%}

5 7
3. X(ﬁ)e{ﬁ,ﬁ} 4. x(~2) €10, 0]

17
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PART - C

Leta=0.10110111011110...bea given real number written in base 10, that is, the n-th

k(k +1)

digit of o is 1, unless n is of the form —1 in which case it is 0. Choose all the correct

statements from below.
1. o is a rational number
2. o is an irrational number

r r+1
3. For every integer q 2 2, there exists an integer v 2 I such that — <o < ——.

a q
§
For a,b € N, consider the sequence d :% for n>a,b. Which of the following statements are
y
1. {d } converges for all values of a and b 2. {d } converges ifa < b
3. {d } convergesifa=>b 4. {d } converges ifa > b

4. o has no periodic decimal expansion.

true?

Let {a,} be a sequence of real numbers satisfying Z| a,—a, , [<oo. Then the series Zanx“ X €E
n=1 n=0

R is convergent

1. nowhere on R 2. everywhere on R
3. on some set containing (-1,1) 4. onlyon (-1,1)

Let f(X)=tan™"x,XxeR. Then
1. there exists a polynomial p(x) satisfies p(X)f'(x)=1, forall x
2. £™M(0)=0 for all positive even integer n

3. The sequence {f ™ (0)} is unbounded
4. £9%0)=0 foralln

Let f (x)= 1% forn € N, x € R. Which of the following are true?
+N°X

f. converges pointwise on [0,1] to a continuous function

f. converges uniformly on [0,1]

1
f. converges uniformly on [E ,1}

rI\im{j f (X)dx = Jl'(!iinm f (x)dx
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If A, :J'Ol t forn € N, then

1+1)"
A, does not exist for some n

A, exists for every n and the sequence is unbounded

1
2
3. A, exists for every n and the sequence is bounded
4

lim (4, )" =

The equation 11 +13* +17* —=19" =0 has
1. no real root 2. only one real root
3. exactly two real roots 4. more than two real roots

Suppose that f: R" — R is given by T(X)=aX’ +a,X; +..+a,XZ, where X= (X, X5y, X;)
and at least one @; is not zero. Then we can conclude that

1. fis not everywhere differentiable

2. the gradient (Vf)(X) =0 for every x e R"

3. If xeR"issuch that (Vf)(x)=0 then f(x)=0

4. If xeR"is such that f(X)=0 then (Vf)(x)=0

a\p
Let S be the set of () € R’ such that XY 0 as (x,y) — (0,0). Then S is contained in
2

X +y
1. {(a,p):a>0,p>0} 2 (e, B):a>2,>2}
3. {(a,p):a+p>1} 4 {(a,B):a+4p>1}

DECEMBER - 2017

PART - B

Let Z denote the set of integers and Z-,denote the set {0, 1, 2, 3,...}. Consider the map f: 75, x Z
— Z given by f(m, n) = 2". (2n + 1). Then the map f'is

1. onto (surjective) but not one-one (injective)

2. one-one (injective) but not onto (surjective)

3. both one-one and onto

4. neither one-one nor onto

Let {a,} > be a sequence of real numbers satisfying a, 2 1 and a,,,>2 a, + I for all n = 1. Then

which of the following is necessarily true?

1. The series Z: liz diverges 2.The sequence {a,},.,is bounded
—a

nx>1
n

. » 1 . » 1
3. The series Zn:1¥ converges 4. The series anla_ converges

n n

19
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Let D be a subset of the real line. Consider the assertion: “Every infinite sequence in D has a

subsequence which converges in D”. This assertion is true if
1.D = [0, ) 2.D=[0,1] U [3, 4]
3.D=/[-11V (2] 4.D=(11]

Let f: (0, ©) = R be uniformly continuous. Then

1 Iin} f(X) and lim f(x) exist.
X—> X—0

2. Iirrg f (X) exists but lim f (X) need not exist.
x—>0" X—>00

3. Iirrg f (X) need not exist but lim f (X) exists.
x—0" X—>00

4. neither lim f (X) nor im f (X) need exist.
x—0" X—>00

118. Let S={f: R > R|I € > 0suchthat¥Y 6> 0, |x—y| <6 =|fix) —f(y)| < €} Then
1. S={f: R — R|fis continuous} 2.8 ={f: R— R | fis uniformly continuous}
3.8={f: R—> R |fis bounded} 4. S={f: R —> R | fis constant}

119. Which of the following is necessarily true for a function f: X — Y?
1. iffis injective, then there exists g : Y — X such that f(g(y)) =y forally € Y
. If fis surjective, then there exists g :Y — X such that f(g(y)) =y forally € Y

2
3. iffis injective and Y is countable then X is finite
4. if fis surjective and X is uncountable then Y is countably infinite

Let k be a positive integer and let S, = {x € [0, 1] | a decimal expansion of x has a prime digit at its
K" place}. Then the Lebesgue measure of S, is
1.0 2. 4/10 3. (4/10) 4.1

121. Let S = {x € [-1, 4] | sin (x) > 0}. Which of the following is true?
1. inf(S) <0 2. sup (S) does not exist
3.sup (S) =m 4. inf (S) = /2

Let A be a connected open subset of R’. The number of continuous surjective functions from A (the

closure of A in R’) to Q is:
1.1 2.0 3.2 4. not finite

PART - C

Which of the following are convergent?

o0

— 2-n 240 < 1 1
1. nZ:l:n 2 2 nzlln 2 3> 4. Z—nlog(1+1/n)

=nlogn o=

20
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124. Leta_,
P =Ilim inf lim inf a_,,

n—oo m-—oo

m=>1,n=>1 be a double array of real numbers. Define

Q= Iianigf limsup a,,,

m-—o0

R =Ilim sup lim inf a_,,

n—o0 m—co

S =lim sup lim sup a,,,

n—o0 m-—oo

Which of the following statements are necessarily true ?
1.P<Q 2.0<R
3.R=S 4. P<S

1
Let R denote the set of real numbers and Q the set of all rational numbers. For 0 < g < E, let Ae

be the open interval (0,1-g). Which of the following are true?

Lsup sup(A,) <1 2.0<g<eg, < % = inf( A, )<inf (A,)
2

3.0<g<g,< % = sup(A, )>sup (A,) 4. sup (Ac N Q) =sup (4N (R Qy)

Let f: R—R be a function satisfying f(x+y)=f(x){(v),V x,y € Rand lim f(x)=1.
x—0

Which of the following are necessarily true?

1. fiis strictly increasing 2. fis either constant or bounded

3. f(rx)=f(x)" for every rational reQ 4. fix) >0, V xeR

n
) n
Evaluate lm » ———
n%kzz(; k*+n?

2.

1—cos(x+Y)
x> +y?

Let T(X,y)= if (x,y) % (0,0), £(0,0) :% and

_1-cos(x+Yy)

(x+y)*

g(x,y):% if x+y=0

Then
1. fis continuous at (0,0) 2. fis continuous everywhere except at (0,0)
3. gis continuous at (0,0) 4. g is continuous everywhere

if x+y=0

a(x,y)

21
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Let f: R*—R be defined by f{x) = x' Ax, where A is a 4 x 4 matrix with real entries and x' denotes

the transpose of x. The gradient of f at a point x, necessarily is
1. 24x, 2. Ax, + A'x, 3.24'x, 4. Ax,

Let f: R"—R" be a continuously differentiable map satisfying ||f(x) —f(y) || = ||x-y||, for all x,y€ R".
Then

1. f'is onto 2. f(R") is a closed subset of R"
3. f(R") is an open subset of R" 4. 1(0) =0

1) .
—J if x;tO- Then

o x” coS
Letf: [-1,1] —R be a function given by f(X)= X
0 if x=0

1. fis of bounded variation on [-1,1] 2. f" is of bounded variation on [-1,1]
3.1 (x)| s IV x€[-1,1] 4. |f'(x)| < 3Vx€[-1,1]

For a set X, let P(X) be the set of all subsets of X and let Q(X) be the set of all functions f:X—
{0,1}. Then
If X is finite then P(X) is finite
If X and Y are finite sets and if there is a 1-1 correspondence between P(X) and P(Y), then
there is a 1-1 correspondence between X and Y
There is no 1-1 correspondence between X and P(X)

There is a 1-1 correspondence between Q(X) and P(X)

Letd and d' be metrics on a non-empty set X. Then which of the following are metrices on X?
1. p(xy)=d(x,y)+d'(x,y) forallx,y € X

2. p,(Xy)=d(x,y)d'(x,y) forallx,y € X

3. py (X y)=max{d(x,y),d"(x,y)} forallx,y € X

4. p,(x,y)=min{d(x,y),d'(Xx,y)} forallx,y € X

JUNE - 2018

PART - B

Given that there are real constants a,b,c,d such that the identity
AXZ 42Xy + y* = (ax +by)® + (cx + dy)? holds for all x,y € R. This implies
1. A=-5 2. A2>1 3.0< A<l 4. there is no such A €R

Given {a )}, {b} two monotone sequences of real numbers and that Z a,b, is convergent, which

of the following is true?
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1. Zaﬂ is convergent and b is convergent
2. At least one of Zan, an is convergent

3. {a,} is bounded and {b,} is bounded
4. At least one of {a,}, {b,} is bounded

Let S={(x,y)|x*+y° = L

—, where n € N and either x € Q ory € Q). Here Q is the set of
n
rational numbers and N is the set of positive integers. Which of the following is true?
1. S'is a finite non empty set 2. S'is countable

3. S'is uncountable 4. S'is empty

Define the sequence {a } as follows:

1 2
a,=1landforn=>1, a,, = (—1)H(E)(| a, | +mJ Which of the following is true?
n

I limswpa, =2 2. liminf a, = —o0
3. lim a, =~/2 4. supa, =2

If {x,} is a convergent sequence in R and {y,} is a bounded sequence in R, then we can conclude
that

1. {x, +y,} is convergent 2. {x,+y,} is bounded

3. {x, +y,} has no convergent subsequence 4. {x, +y,} has no bounded subsequence

100 1

The difference log(2) — z o is
n=1 -n

1. less than 0 2. greater than 1

3. less than _ 4. greater than

2'°°.101 2'%°.101

Let (xy)=log(cos(€")) +sin( X+ ). Then %% F(x,y) is

] cos(exz)—l
1+sin2(e*)
3. —sin(x+Yy) 4. cos(X+Y)

—cos(X + Y) 2.0

Let f(X)=X>—5X+2. Then
1. f has no real root 2. f has exactly one real root

3. f has exactly three real roots 4. all roots of f are real

Consider the space S ={(a, )| a, B €Q} CR’ where Q is the set of rational numbers. Then

23
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1. S is connected in R’ 2. 8 is connected in R’

3. Sis closed in R’ 4. S is closed in R’
PART - C

Foreacha € R, let Sy = {(x,,2) e R | X’ +y' + 2 =0d’). Let E = U _S.. Which of the

e

s
Vo,

following are true?

1. The Lebesgue measure of E is infinite
2. E contains a non-empty open set

3. E is path connected

4. Every open set containing E€ has infinite Legesgue measure

Which of the following sets are uncountable?
1. The set of all functions from R to {0, 1} 2. The set of all functions from N to {0, 1}
3. The set of all finite subsets of N 4. The set of all subsets of N

Let A ={tsin (%) t E(O, E)} Which of the following statements are true?
Vs

1. sup (A)<£+i foralln>1
T ¥4

2

2. inf (A)>_——i foralln>1
3 nx

3.sup (A) =1
4.inf(4) = -1

Let C. (R) = {f: R > R | fis continuous and there exists a compact set K such that f(x) = 0 for all

x €K} Let g (X)zefxzfor all x € R. Which of the following statements are true?

1. There exists a sequence {f } in C.(R) such that f, — g uniformly

2. There exists a sequence {f,} in C(R) such that f, — g pointwise

3. If a sequence in C. (R) converges pointwise to g then it must converge uniformly to g

4. There does not exist any sequence in C (R) converging pointwise to g

Given that a(n) =1OL1002”, b(n) =10"° log (n), C(h):lo; which of the following statements

10 n 2!
are true?

1. a(n) > c(n) for all sufficiently large n 2. b(n) > c(n) for all sufficiently large n
3. b(n) > n for all sufficiently large n 4. a(n) > b(n) for all sufficiently large n
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a
Letf: R — R be given by T(X) = Tl a, b € R, b>0. Which of the following are true?
+ DX

1. f'is uniformly continuous on compact intervals of R for all values of a and b
2. f'is uniformly continuous on R and is bounded for all values of a and b
3. fiis uniformly continuous on R only if b=0

4. f'is uniformly continuous on R and unbounded if a # 0, b # 0

Let a =j: det. Which of the following are true?
1+t
da 1
Cdt 1+t
3. log (o) =1 4. sin (o) = 1

2. auis a rational number

Which of the following functions are of bounded variation?

I.X+x+1forx € (-1, 1) 2. tan (%jforx € (-1, 1)

3. sin (gjforx € (-m, ) 4.1=X? forx € (-1, 1)

Foranyy € R, let [y] denote the greatest integer less than or equal to y. Define f: R’ — R by
1x, v) = x". Then

1. fis continuous on R’
2. foreveryy € R, x = f(x, y) is continuous on R\{0}

3. foreveryx € R,y — f{x, y) is continuous on R

4. fis continuous at no point of R’

Let f(x) € Z[x] be a monic polynomial. Then the roots of
1. can belong to 7 2. always belong to (R1Q) U Z
3. always belong to (C\Q) U Z 4. can belong to (Q\Z2)

DECEMBER-2018

PART - B

Consider the function tan x on the set S= {X ERx20, x#kn + %for any k € N U{O}} We

say that it has a fixed pointin Sif 3 X € S such that tan x =x. Then
1. There is a unique fixed point.

2. There is no fixed point.

3. There are infinitely many fixed points.
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4. There are more than one but finitely many fixed points.

1
Define T(X)=—= for x > 0. Then fis uniformly continuous
Jx
X

1. on (0,0). 2. on [r,») for any r>0.
3. on (0,r] for any r>0. 4. only on intervals of the form [a,b] for 0 <a <b <o,

Consider the map - Q—R defined by
@) f0)=0

(i) fT(r)= % where 1 =2 with peZ, geN and gcd (p,q)=1. Then the map fis
q

1. one-to-one and onto 2. not one-to-one , but onto

3. onto but not one-to-one 4. neither one-to-one nor onto

Let x be a real number such that |x| < 1. Which of the following is FALSE?
1. Ifx€Q, then Y X" €Q 2.0 D X" €Q, then xeQ

m>0 m>0

_ XM
3. Ifx&Q, then z mx"* ¢ Q 4. Z—converges inR
m>0 m>1
Suppose that {x,} is a sequence of real numbers satisfying the following. For every €>0, there exists
n, such that |x,, -x,| < € V n2n, The sequence {x,/} is
1. bounded but not necessarily Cauchy. 2. Cauchy but not necessarily bounded.

3. Convergent. 4. not necessarily bounded.

n+1

Let A(n) = I %dx fornz 1. For ceR, let r|1ILnOQ n°A(n) = L. Then

1. L=0ifc>3 2. L=1ifc=3
3. L=2ifc=3 4. L= if 0< c<3

PART - C

Let f: R°>R’be a function given by f(x, v) = (X + 3xy° — 15x — 12y, x + y). Let S = {(x, y) €R’ : f
is locally invertible at (x, y)}. Then
1. 8= R0, 0)} 2. Sis open in R’ 3. Sis dense in R’ 4. R’\S is countable

Let X = N, the set of positive integers. Consider the metrices d,, d, on X given by d,(m, n) = |m —n|,

m, neX, d, (m,n)z‘i—i,m,n eX. Let X, X, denote the metric spaces (X, d,), (X, d,)
m n

respectively. Then
1. X, is complete 2. X, is complete
3. X, is totally bounded 4. X, is totally bounded
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Let {u,} >, be a sequence of real numbers satisfying the following conditions:

(1) (-1)"u,> 0, for all n>1 2) |u,., |< | u2“ | Joralln> 13

Which of the following statements are necessarily true?

2.5, u, does not converge in R.

2551, converges to zero.

. 25,3 U, converges to a non-zero real number.
u , ,

Iflu, |<%,f0r all 2<n< 13, then 2 >, u, is a negative real number.
Let S be an infinite set. Which of the following statements are true?
1. Ifthere is an injection from S to N, then S is countable

If there is a surjection from S to N, then S is countable

2
3. Ifthereis an injection from N to S, then S is countable
4

If there is a surjection from N to S, then S is countable

Let p, denote the n-th prime number, when we enumerate the prime numbers in the increasing

order. For example, p, = 2, p, = 3, p, = 5, and so on. Let S = {s, = p, ,—p,|n €N, n > 1}. Then
which of the following are correct?

L. sup S =

2. limsup, s 8, = ©

3. infS <o and infS =1

4. liminf, s 5,2 2

X

For n > 1, consider the sequence of functions f_ (Xx)= 5 3
nx+

on the open

g, (X)=
2nx+1g()

interval (0, 1). Consider the statements:

(1) The sequence {f,} converges uniformly on (0, 1)

(1) The sequence {g,} converges uniformly on (0, 1). Then,

1. (I) is true 2. (1) is false

3. (1) is false and (1l) is true 4. Both (1) and (1l) are true

Suppose that {f} is a sequence of continuous real valued functions on [0, 1] satisfying the
following:

(4) Vx €R, {f (x)} is a decreasing sequence  (B) the sequence {f,} converges uniformly to 0.
Let g, () =Y, (-D* f,(x)V x €R. Then

1. {g,} is Cauchy with respect to the sup norm 2. {g,} is uniformly convergent

3. {g,} need not converge pointwise 4.3 M > 0 such that |g, (x)| <M, VneN, VxeR
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Given f [% ,2] — R, a strictly increasing function, we put g(x)=f(x)+f(1/x), x€[1, 2]. Consider

a partition P of [1, 2] and let U (P, g) and L (P, g) denote the upper Riemann sum and lower
Riemann sum of g. Then

1. for a suitable f we can have U (P, g) =L (P, g)

2. for a suitable f we can have U(P, g) =L (P, g)

3. U(P, g)=L (P, g for all choices of f

4.U (P, g) < L (P, g) for all choices of f

Let f be a real valued continuously differentiable function of (0, 1). Set g = f" + if, where i’=-1 and
f " is the derivative of f. Let a, b€(0,1) be two consecutive zeros of f. Which of the following

Statements are necessarily true?
1. If g(a) > 0, then g crosses the real line from upper half plane to lower half plane at a
2. Ifg(a)>0, then g crosses the real line from lower half plane to upper half plane at a

3. ifg(a) g(b)=0, then g(a), g(b) have the same sign
4. Ifg(a) g(b)#0, then g(a), g(b) have opposite signs

JUNE -2019

PART - B

Which of the following sets is uncountable?

1. {x eR | log (x) = Eforsomep, q EN}
q

2. {x €R | (cos (x))" + (sin (x))" = 1 for somen €N}
3. {x eR|x = log (apjfor somep, q € N}

4. {x eR | cos(x) = Bfor somep, q € N}
q

11 n
Consider a sequence {a}, a,=(-1)" [E__} Let p, :Zak V nE€N.Then which of the following is
n

k=1

true?
1. lim, b, = 0 2. limsup,_oob,> 1/2
3. liminf, _5oob, < -1/2 4. 0 <liminf,_,oob < limsup,_5b, < 1/2

Which of the following is true?
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00 (_1)“ 00 1
1. zn:1 - does not converge 2. Zn:lﬁconverges

= e o oe 1
3. Zmzlznzl e’ converges 4. Zm:lzn:1 ) diverges

Forn €N, which of the following is true?

1. Jn+1-+n >\/1,f0r all, except possibly finitely many n
n

2. In+i-Jn <%for all, except possibly finitely many n
n

3. Jn+l-vn>1 for all, except possibly finitely many n
4. In+1-+/n >2for all, except possibly finitely many n

Let f: R—>R be a continuous and one-one function. Then which of the following is true?
1. fis onto 2.fis either strictly decreasing or strictly increasing

3. there exists x €R such that f(x) = 1 4. fis unbounded

Let g, (X) =$ , X €[0, ). Which of the following is true as n —w?

1. g — 0 pointwise but not uniformly 2. g,— 0 uniformly
X

ZVXE[O,OO)
+ X

3.g(x)—>x Vxe [0 x) 4. gn(X)—>1

PART - C
1
Let {a,} >, be a sequence of positive real numbers. Then, for K =limsup,_ |a,|", which of the

following are true?

if K = oo, then z:_o a,r" is convergent for every r > 0
if K = oo, then Z?:o a,r" is not convergent for any r > 0
if K =0, then z:ﬁo a,r" is convergent for every r > 0

if K =0, then Z:—o a,r" is not convergent for any r > 0

For aeR, let [a] denote the greatest integer smaller than or equal to a. Define d : RxR— [0, »)
by dx y)=/[x—y|],x, v €R. Then which of the following are true?

1.d(x, y) =0ifandonly ifx =y, x, y €R 2.d(x,y)=d@, x), x,y €R

3.dx, y)<dx z)+dzy),x yz€R 4. d is not a metric on R

Consider a function f': R—R. Then which of the following are true?

1. fis not one-one if the graph of f intersects some line parallel to X-axis in at least two points
. fis one-one if the graph of f intersects any line parallel to the X-axis in at most one point
. fis surjective if the graph of f intersects every line parallel to X-axis
. fis not surjective if the graph of f does not intersect at least one line parallel to X-axis
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SOStzdt_ Then which of the following are true?
X°+t

1. f'is bounded on R 2. f'is continuous on R

Let f(x)=jl°°

3. f'is not defined everywhere on R 4. f'is not continuous on R

X
Suppose that {x,} is a sequence of positive reals. Let Y, :1 . Then which of the following are
+ X

n
true?

1. {x,} is convergent if {y } is convergent 2. {y} is convergent if {x,} is convergent
3. {v.} is bounded if {x } is bounded 4. {x } is bounded if {y } is bounded

xsin (1/x), forxe(01]

0 . 0 and g(x) = x f(x) for 0 < x < 1. Then which of the following are
, orx=

Let f§ (x) :{

true?
1. fis of bounded variation 2. fis not of bounded variation
3. gis of bounded variation 4. g is not of bounded variation

Leta < c <b, f: (a b) >R be continuous. Assume that f'is differentiable at every point of (a, b) |
{c} and [ has a limit at c. Then which of the following are true?

1. fis differentiable at c

2. fneed not be differentiable at ¢

3. fis differentiable at c and lim _,_f'(x) = f(c)
4. fis differentiable at c but f'(c) is not necessarily lim _,, f (x)

Let F: R—R be a non-decreasing function. Which of the following can be the set of discontinuities
of F
1.7 2. N 3.Q 4. R\Q

Letf: R*5R’ be given by f(x,,X,,%;) =(€* cosx,,e™ sin x,,2x, —C0sX,) . Consider

E ={(x, x,, x;) €R’: there exists an open subset U around (x,, x,, x;) such that |, is an open map).
Then which of the following are true?

I E=R’

2. E is countable

3. E is not countable but not R’

4. {(Xl, Xy, %) eR’:x, x,e IR} is a proper subset of E

Let X be a countable set. Then which of the following are true?
1. There exists a metric d on X such that (X, d) is complete
2. There exists a metric d on X such that (X, d) is not complete
3. There exists a metric d on X such that (X, d) is compact
4. There exists a metric d on X such that (X, d) is not compact
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PART - B

Let < be the usual order on the field R of real numbers. Define an order < on R’ by
(a, b) < (c, d) if (a < c) or (a = c and b <d). Consider the subset
1 1
E= {(— ,1——) eR’ - n eN . With respect to < which of the following statements is true?
n n
1. inf(E) = (0, 1) and sup (E) = (1, 0) 2. inf(E) does not exist but sup(E) = (1, 0)
3. inf(E) = (0, 1) but sup(E) does not exist 4. Both inf(E) and sup(E) do not exist.

Which of the following sets is countable?

1. The set of all functions from Q to Q

2. The set of all functions from Q to {0, 1}

3. The set of all functions from Q to {0, 1} which vanish outside a finite set
4. The set of all subsets of N

cos(mx)if x> [
m

LetE={£|neN . For each m €N define f, : E >R by f,_(x) =< 0if 1 <X<l
n m+10 m

Xif x<
m+10

Then which of the following statements is true?

1. No subsequence of (f,),>, converges at every point of E

2. Every subsequence of (f,),>, converges at every point of E

3. There exist infinitely many subsequences of (f,),>, which converge at every point of E

4. There exists a subsequence of (f,),>, which converges to 0 at every point of E

Let (x,),>, be a sequence of non —negative real numbers. Then which of the following is true?
1. liminfx, = 0= lim x> =0 2. limsup x, = 0= lim x> =0

3. liminfx, = 0 = (x,),>,is bounded 4. Ziminfxﬁ > 4 = limsup x,> 4

Let X CR be an infinite countable bounded subset of R. Which of the following statements is true?
1. X cannot be compact

2. X contains an interior point

3. X may be closed

4. closure of X is countable

What is the sum of the following series?
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1 1 1
o +23.32)+...+£23.3a +Wj+...
3
10
3
" 16

2.

PART - C

Let L’ (|-, T]) be the metric space of Lebesgue square integrable functions on [-m, 7] with a metric

1/2
d given by d(f,Q) :[J: (f(x)- g(X))ZdX] forf, g € L’([-n, n]). Consider the subset

S = {sin(2"x) : n €N} of L (-1, n]). Which of the following statements are true?
1. S is bounded 2. S'is closed 3. S'is compact 4. S'is non-compact

Xy

Letf:]0, 1’>R be a function defined by T(X,y) = 5
X +Yy

> if either x#0 or y#0 = 0 if x =y = (.

Then which of the following statements are true?
1. fis continuous at (0, 0) 2. fis a bounded function

3. I:_Ll f (X, y) dxdy exists 4. fis continuous at (1, 0)

Let p(x) be a polynomial function in one variable of odd degree and g be a continuous function
from R to R. Then which of the following statements are true?

1. 3 a point x,€R such that p(x,) = g(x,)

2. If g is a polynomial function then there exists x,€ R such that p(x,) = g(x,)

3. If g is a bounded function there exists x,€ R such that p(x,) = g(x,)

4. There is a unique point x, € R such that p(x,) = g(x,)

Let f{x) be a real polynomial of degree 4. Suppose f{(-1)=0, f{0)=0, f(1)=1I and f’(0) =0, where f
®(a) is the value of k" derivative of f(x) at x=a. Which of the following statements are true?

1. There exists a€(-1,1) such that f 7 (@)= 3 2. fP(@)>3 foralla € (-1, 1)
30<f%0)<2 4.1%0)>3

Let (X, d) be a compact metric space. Let T : X — X be a continuous function satisfying

inf._\ d(T'(x), T'(y)) # 0 for every x, y € X with x#y. Then which of the following statements are

true?
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1. T is a one-one function

2. T is not a one-one function
3. Image of T'is closed in X
4. If X is finite, then T is onto

n
For each natural number n > 1, let a, =W, where [x] = smallest integer greater than or

equal to x. Which of the following statements are true?

1. minfa, =0 2. lim inf a, does not exist

n—oo N—0

3. liminf a,=0.15 4. limsupa, =1

n—oo n—oo

Let U R" be an open subset of R" and f: U R" be a C” - function. Suppose that for every x € U,
the derivative at x, df,, is non-singular. Then which of the following statements are true?

1. If V.C Uis open then f(V) is open in R" 2. f: U—> f(U) is a homomorphism

3. fis one-one 4. If VC Uis closed, then f(V) is closed in R".

_ m
Let n be a fixed natural number. Then the series Z & is
m2n m

1. Absolutely convergent 2. Divergent
3. Absolutely convergent if n > 100 4. Convergent

Let {a,} >, be a bounded sequence of real numbers. Then

1. Every subsequence of {a,} >, is convergent
2. There is exactly one subsequence of {a,} >, which is convergent
3. There are infinitely many subsequences of {a,},>, which are convergent

4. There is a subsequence of {a,} >, which is convergent

Let N 2 5 be an integer. Then which of the following statements are true?
N N N

N
1. ZlglﬂogN 2, Zl<1+logN 3. 1slogN 4. lelogN
n

n= n=. n=1 n=1

Letf: [0, 1] =R be a monotonic function with f (%j f (%j<0.

Suppose sup{x € [0, 1] : f(x) < 0} = a. Which of the following statements are correct?

1. f(o) <0
2. If fis increasing, then f(a) <0

1 3
3. If fis continuous andz <a< Z, then f(Q,) = 0

4. If f'is decreasing, then f(o) < 0
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Which of the following statements are true?
There exist three mutually disjoint subsets of R, each of which is countable and dense in R
For each n €N, there exist n mutually disjoint subsets of R each of which is countable and
dense in R
There exists countably infinite number of mutually disjoint subsets of R, each of which is
countable and dense in R

There exist uncountable number of mutually disjoint subsets of R, each of which is countable

and dense in R

JUNE-2020

PART - B

Let {E,} be a sequence of subsets of R.
Define

lim inf E, =| J[)E,
n k=1n=
Which of the following statements is true?

1. limsup E, =liminf E,
n n

2. limsup E, ={x:x e E, forsome n}

n

3. Iiminf E, ={x:xeE, forall but finitely manyn}

4. lim inf E, ={x:x e E, forinfinitely manyn}

f: N — N be a bounded function. Which of the following statements is NOT true?
1. limsup f(n)e N 2. liminf f(n)eN

n—>o0 n—>a
3. Iirpjgf (f(nN)+n)eN 4. "n:_iljp (f(n)+n)gN
Which of the following statements is true?
1. There are at most countably many continuous maps from R’ to R.
2. There are at most finitely many continuous surjective maps from R’ to R.
3. There are infinitely many continuous injective maps from R’ to R.

4. There are no continuous bijective maps from R’ to R.

& (-D"sin nx
The series Z—, X € R converges
2 N

log, n

1. only forx =0 2. uniformly only for x € [-, ]
3. uniformly only for x € R\{nm :n € 4} 4. uniformly for all x € R
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Given (a,) >, a sequence of real numbers, which of the following statements is true?

1. Z( ) lconverges

nxz1

a
2. There is a subsequence (8, )k>1 such that z ] converges
ko1 Lt a

3. There is a number b such that Z b- a (-1D)" converges

| la |

4. There is a number b and a subsequence (ank )is1 Such that Z b- 1 lnk converges
k>1 + a'n

Given f, g are continuous functions on [0, 1] such that f(0) = f(1) = 0; g(0) = g(1) = 1 and f(1/2) >
g(1/2). Which of the following statements is true?

1. There is no te[0, 1] such that f(t) = g(t)

2. There is exactly one t€ [0, 1] such that f(t) = g(t)

3. There are at least two t€ [0, 1] such that f(t) = g(t)

4. There are always infintely many te [0, 1] such that f(t) = g(t)

PART - C

Which of the following sets are in bijection with R?
1. Set of all maps from {0, 1} to N 2. Set of all maps from N to {0, 1}
3. Set of all subsets of N 4. Set of all susets of R

Which of the following statements are true?

1. Th > D", !
e serles IAY convergen
n>1
AN

2. The series Z “ \/— is absolutely convergent

[1+(-1)"]vVn +logn

3/2
n

(-)"Vn+1)

4. The series Z a2 s convergent
n= n

3. The series Z “

is convergent

2xy
Letf: R?— R be defined by f(x,y)=1x2+y?' (x,¥)#(0,0)

0, (xy)=(0,0)

if((X Iﬂ) (y—=n))

n=1

Define g(X,y) =
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Which of the following statements are true?
1. The function h(y) = g(c, y) is continuous on R for all c

2. g is continuous from R’ into R

3. g is not a well-defined function
4. g is continuous on R°\{(k, k) }xen

Consider the series
A(X) =D X"(1—X) and B(x) =) (-1)"x"(1-X)
n=0 n=0

where x € [0, 1].

Which of the following statements are true?
1. Both A(x) and B(x) converge pointwise

2. Both A(x) and B(x) converge uniformly

3. A(x) converges uniformly but B(x) does not
4. B(x) converges uniformly but A(x) does not

Forp € R, consider the improper integral

1
I, = [t"sin tdt.
0

Which of the following statements are true?
1. 1, is convergent forp=-1/2 2. 1, is divergent for p = -3/2
3. Ip is convergent for p = 4/3 4. Ip is divergent for p = -4/3

Suppose that {f,} is a sequence of real-valued functions on R. Suppose it converges to a continuous

Sfunction funiformly on each closed and bounded subset of R. Which of the following statements are
true?

1. The sequence {f } converges to funiformly on R

2. The sequence {f,} converges to f pointwise on R
3. For all sufficiently large n, the function f, is bounded
4. For all sufficiently large n the function f, is continuous

Let f(x) = e and g(x) = efxz. Which of the following statements are true?
1. Both f and g are uniformly continuous on R

2. fis uniformly continuous on every interval of the form [a, +), a € R
3. g is uniformly continuous on R

4. f(x) g(x) is uniformly continuous on R

Define
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3

foy)=lxtryz o (x)=(00)

0 for(x,y)=(0,0)
Which of the following statements are true?

1. fis discontinuous at (0, 0) 2. f'is continuous at (0, 0)
3. all directional derivatives of f at (0, 0) exist 4. f'is not differentiable at (0, 0)

Define

2 2

X" -y
for (x, 0,0
f(uy) = vy OO F00)

0 for(x,y)=(0,0)
Which of the following statements are true?
1. fis continuous at (0, 0)
2. fis bounded in a neighbourhood of (0, 0)
3. fis not bounded in any neighbourhood of (0, 0)
4. f has all directional derivatives at (0, 0)

Letp : R> = R be defined by

p(X,y) ={

|x] if x#0

ly| if x=0

Which of the following statements are true?

1. pkx,y)=0ifand only ifx =y =0

2.p(x,y) = 0forallx, y

3. p(ox, o) = |o| p(x, y) for all oo € R and for all x, y

4. p(x; X, ¥, T yy) Sp(x, y) +p(x, y) forall (x), y,), (x, y,)

Consider the subset of R’ defined as follows:

A={x,y) eRxR:(x-DEx-2)(y-3)(y+4) =0}

Which of the following statements are true?

1. A is connected 2. A is compact
3. A is closed 4. A is dense

JUNE-2020 (Tamil Nadu)

PART - B

Suppose that A, B are two non-empty subsets of R and C = A N B. Which of the following
conditions imply that C is empty?

1. A and B are open and C is compact

2. A and B are open and C is closed

3. A and B are both dense in R
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4. A is open and B is compact

lim (n+1)(n+2)...(n+n))*'"

n—oo n

e 4
1. is equal to n 2. is equal to —
€

3. isequaltoe 4. does not exist

Let Y=1{I, 2 3, ..., 100} and let h : Y — Y be a strictly increasing function. The total number of

functions g : Y — Y satisfying g(h(j)) = h(2()), Vj € Yis
1.0 2. 100! 3. 100" 4. 100"

An infinite binary word a is a string (a,a,a; ...), where each a, € {0, 1}. Fix a word s = (5,5,5;...),
where s, = 1 if and only if n is prime. Let S = {a = (a,a,a; ...) | AmeN such that a, = s, Vn = m}.
What is the cardinality of S?

1.1

2. Finite but more than 1

3. Countably infinite

4. Uncountable

Let f be a non-constant polynomial of degree k and let g : R — R be a bounded continuous
function. Which of the following statements is necessarily true?

1. There always exists x, € R such that f(x,) = g(x,)

2. There is no x, € R such that f{x,) = g(x,)

3. There exists x, € R such that f(x,) = g(x,) is k is even
4. There exists x, € R such that f(x,) = g(x,) is k is odd

The sum of the infinite series

1 1 1 1

==— + - +..
2 3x1l 4x21 5x3
is equal to

12-2 21-2 321 4 22
e e e e

Suppose f: [0, 1] x [0, 1] = (0, 1) x (0, 1) is a continuous non-constant function. Which of the
following statements is NOT true?

1. Image of f'is uncountable 2. Image of f'is a path connected set

3. Image of fis a compact set 4. Image of f has non-empty interior

PART - C

Let N =1{1, 2, 3, ...} be the set of natural numbers. Which of the following functions from N x N to

N are injective?
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1. f,(m, n)=2"3" 2.f,(m,n) =mn+m+n
3. fy(m, n) = m +n’ 4. f(m, n) = m'n’

Let {x,} be a sequence of positive real numbers. Which of the following statements are true?
1. If the two subsequences {x, } and {x, .} converge, then the sequence {x,} converges

2. If {(-1)"x,} converges, then the sequence {x,} converges

. X
3.0f lim "L exists then {(x,)""} is bounded
X

n

4. If the sequence {x,} is unbounded then every subsequence is unbounded

Let f(x) = € for x € R. Which of the following statements are correct?
1. There is a real C > 0 such that |f(x) — 1 — x| < Cx’ for all x € R

2

2. There is a real C > 0 such that |f{(x) — 1 —x — X?| <Cix|’ forallx € [-1, 1]

NG

2
3. Thereis a real C > 0 such that |f(x) — 1 —x — > §| <Cx'forallx e R

NG

2
4. There is a real C > 0 such that |f(x) — [ —x — > §| <Cx' forallx € [-1, 1]

Which of the following functions are uniformly continuous on (0, 1)?
.1 1 in X
1. 2. sin = 3. xsin - 4 X
X X X

Let x, y be real numbers such that 0 <y < x and let n be a positive integer. Which of the following
Statements are true?
L.y (x—y) <x"—y

n-1

I x—y)=2x"—y

n n

2.nxX" (x—y) <x'—y

n n

40X (x—y)=2x"—y

Consider the identity function f(x) = x on I: = [0, 1]. Let P, be the partition that divides I into n

equal parts. If U(f, P,) and L(f, P,) are the upper and lower Riemann sums, respectively, and A, =
U(f, P,) — L(f, P,) then

1. lim,—snd, = 0 2. > A, is convergennt
3. A, is strictly monotonically decreasing 4. Z::l AA,=1

For any two non-negative integers n, k defined f, ,(x) on [0, 1] by

x"sin(ij—xk X#0
f(X)= 2X :
0 x=0

In which of the following cases is the function . a function of bounded variation?

1. for alln = 1 and for all k = 0 2. foralln=>1and k=0
3. forall n =2 0 and for all k > 2 4. for all n =2 2 and for all k = 0
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Which of the following functions f admit an inverse in an open neighbourhood of the point f(p)?
1. Forp = (1, 0) and f{x, y) = (x’expy + y — 2x, 2xy + 2x)
2. Forp = (1, ™) and f(r, ©) = (rcosB, rsinb)

x+2xzsin1 if x=0

3. Forp=0and f(X)= X
0 if x=0

xzsin1 if x£0

4. Forp =0and f(x)= X
0 if x=0

Letf: [0, 1] — (0, 1) be a function. Which of the following statements are FALSE?
1. If f'is onto, then f'is continuous 2. If fis continuous, then fis not onto
3. If fis one-to-one, then fis continuous 4. If fis continuous, then f'is not one-to-one

Let N = {1, 2 ...} denote the set of positive integers. For n € N, let

A, = {2 eN:x"+y'=andz < n}.

Let F(n) be the cardinality of the set A,. Which of the following statements are true?
1. F(n) is always finite for n > 3 2.F(2) =

3. F(n) = 0 forall n 4. F(n) is non-zero for some n > 2
Let S be the set of all continuous functions f: [0, 1] — [0, ©) that satisfy

i B 1 ) 1
fo(mdx_ELﬁ (x)dx+g

Which of the following statements are true?
1. S'is an empty set
3. S has at least one element

2. S has atmost one element
4. S has more than two elements

JUNE-2021

PART - B

LetS={1, 2 ..., 100t andlet A = {1, 2, ..., 10} and B = {41, 42, ..., 50}. What is the total number
of subsets of S, which have non-empty intersection with both A and B?

2100

B 280(210 _ 1)2

100!

" 10m0!
4.2'" - 202"

1

Consider the sequence {a,},.,, where a, =3+ 5(— Ej +(-D" (% +(-D)" g)
n

Then the interval (Iim inf a,, lim sup a,
n—ow

n—oo

40
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1.(-2,8)

3.(3, 5

Let f; g: R—R be given by and f(x) = x and g(x) = sinx

Which of the following functions is uniformly continuous on R?

1. h(x) = g(ftx)) 2. h(x) = g(x) f(x)
3. h(x) = flg(x) 4. h(x) = f(x) + g(x)

..and S, = 1 1><i 1 i+—

472 43 &
Which of the following identities is true?
1.3S,=48S, 2.48,=3S, 3.8,+8,=0

Which of the following sets are countable?

1. The set of all polynomials with rational coefficients

2. The set of all polynomials with real coefficients having rational roots

3. The set of all 2 x 2 real matrices with rational eigenvalues

4. The set of all real matrices whose row echelon form has rational entries

lim —(1+\/§+3 3+..+Yn)

n—>oo
1. is equal to 0 2. is equal to 1
3. is equal to 2 4. does not exist

Let (X, d) be a metric space and let f: X — X be a function such that d(f(x), f(y)) < d(x, y) for every

X, ¥ € X. Which of the following statements is necessarily true?
1. f'is continuous 2. fis injective
3. fis surjective 4. fis injective if and only if f is surjective

PART - C

Let (a,) and (b,) be two sequences of real numbers and E and F be two subsets of R. Let E + F = {a

+ b:a € E, b € F}. Assume that the right hand side is well defined in each of the following
statements. Which of the following statements are true?

I. limsup, ., (a,+b)<Ilimsup, ,  a, + limsup, b,
2. Zimsup (E + F) < limsup E + limsup I

. Nminf_ (a, +b,) < liminf,_,.a, + lim inf
4. llmznf(E + F) = liminf E + limsup F

nN—o0 n

Let R" denote the set of all positive real numbers. Suppose that f : R"—R is a differentiable
function. Consider the function g(x) = €'f(x). Which of the following are true?
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1. Iflim _sof(x) = 0 then lim __of (x) = 0

2. Iflim—soo(f(x) + f'(x)) = 0 then lim w =0
y—©

3. Iflim_soof (x) = 0 then lim _oof(x) = 0

4. If lim__so(f(x) + f (x)) = 0 then lim _f{x) = 0

Let A R and let f: R—>R be continuous. Which of the following statements are true?
1. If A is closed then f(A) is closed

2. If A is bounded then ™ (A) is bounded

3. If A is closed and bounded then f{(A) is closed and bounded

4. If A is bounded then f(A) is bounded

In which of the following cases does there exist a continuous and onto function f: X — Y?
1.X=(0,1),Y=(0 1] 2.X=[0,1], Y=(0, 1]
3.X=0,1), Y=R 4.X=(0,2),Y={0 1}

t 1
Let f: [0, 1] >R be a continuous function such that J:) f(x) dx :It f(X)dx, for every t € [0, 1].

Then which of the following are necessarily true?
1. fis differentiable on (0, 1) 2. f'is monotonic on [0, 1]

3. _[01 f(x)dx=1 4. f(x) > 0 for all rationals x € [0, 1]

For non-negative integers k > 1 define

Xk

f (X)= Vx>0
() (L+x)*
Which of the following statements are true?
1. For each k, f, is a function of bounded variation on compact intervals

2. For every k, J:O f (X)dx< o

. 1
3 lm,_ L f, (X) dX exists

4. The sequence of functions f, converge uniformly on [0, 1] as k —>o0

Let Y be a non-empty bounded, open subset of R" and let Y denote its closure. Let {Uj > be a
collection of open sets in R" such that Y C UjﬂU j- Which of the following statements are true?

N
1. There exist finitely many positive integers j,, ..., j, such that Y gUU i
1

2. There exists a positive integer N such that Y C

3. For every subsequencej,, j, ... we have Y gUU i
k=1
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4. There exists a subsequencej,, j, ... such that Y :UU i
k=1

Let f: R°>R be a bounded function such that for each t €R, the functions g, and h, given by g,(v)
= f(t, ¥) and h(x) = f(x, t) are non decreasing functions. Which of the following statements are
necessarily true?

1. k(x) = f(x, x) is a non-decreasing function

2. Number of discontinuities of f is at most countably infinite

3. lim )00 o0 f(X,)) exists

4.lim 00 o0 f(X,) exists

Let f: R>>R’ be a C' function with f{0, 0, 0) = (0, 0). Let A denote the derivative of f at (0, 0, 0).
Let g : R*>R be the function given by g(x, v, z) =xy + yz + zx +x + y + .

Let h : R’ R’ be the function defined by h = (f, g).
In which of the following cases, will the function h admit a differentiable inverse in some open
neighbourhood of (0, 0, 0)?

1 21 2 2 2
(o 0 oj (6 5 2]

0 0 -1 4 2 4
0O 1 O 0 2

JUNE-2022
PART - B

= a
Leta, = n + n”. Which of the following is true for the series Z (- "—:1?
n-1 n:
1. It does not converge 2. It converges to e’ — 1

3. It converges to e’ 4. It converges to e’ + 1

n

= a
Consider the series Z

- For which values of a, b, ¢ € R, does the series NOT
s N (log, n)

converge?
I |la|<1,bceR 2. a=1,b>1ceR
3.a=1,12b,c<1 4. a=-1,b>20,c>0

Suppose (&,) 5, and (0,) 5, are two bold sequences of real numbers. Which of the following is true?

1. limsup (a, +(=1)"b,) =lim sup a, + |lim sup b,

n—o n—o0 n—o0
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2. limsup (a, +(-1)"b,) <lim sup a, + lim sup b,

n—o nN—0 nN—o0

3. limsup (a, +(-1)"b,) <lim sup a, +|lim sup b, [+ |lim inf b,

nN— N—o0 nN—c0 N—o0

4. lim sup (a, + (-1)"b,) may not exist

N—o0

Letf, : [0, 1] > R begiven by f,(t) = (n +2) (n + Dt" (1 —1), for all t in [0, 1]. Which of the
following is true?
1. The sequence (f,) converges uniformly

2. The sequence (f,) converges pointwise but not uniformly
3. The sequence (f,) diverges on [0, 1)

. 1 1.
4. lim jo f (t)dt = jo lim f_(t)dt

Let X, Y be defined by X ={(x.),., :limsup x, =1wherex, e{0,3}and Y ={(X,) s !ILn X, does

not exists where x, € {0, 1}}. Which of following is true
1. X, Y are countable

2. X is countable and Y is uncountable

3. X is uncountable and Y is countable

4. X, Y are uncountable

Let us define a sequence (a,),cN of real numbers to be a Fibonacci-like sequence if a, = a, ,+ a, ,

for n > 3. What is the dimension of the R vector space of Fibonacci-like sequences?
1.1 2.2
3. infinite and countable 4. infinite and uncountable

Let D denote a proper dense subset of a metric space X. Suppose that f : D — R is a uniformly

1
continuous function. For p € X, let B,(p) denote the set {X eD:d(x,p)< —}.
n

Consider W, = ﬂ o T(B,(p)). Which of the following statements is true?

Lw, i.mzy be empty for Somep inX. . ‘ .

2. W, is not empty for every p in X and is contained in f(D).
3. W, is a singleton for every p.

4. W, is empty for some p and singleton for some p.

Let X be a connected metric space with atleast two points. Which of the following is necessarily
true?

1. X has finitely many points

2. X has countably many points but is not finite

3. X has uncountably many points

4. No such X exists
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Consider the following assertions:

S, e £ ?025in(V forallt € (0, ).

S,: For each x > 0, there exists a t € (0, x) such that x = log (1 + xé').
S, " <M forallx € (-1, 1).

Which of the above assertions are correct?

1. Only S,

2. Only S,

3. Only S, and S,

4. Only S, and S,

Let Q= Uiil(i,i +D)cR and f: Q — R be a differentiable function such that f'(x) = 0 for all

x € Qandlet g : R — R be any function. Which of the following statements are true?

1. If g is continuous, then (g o f) (QQ) is a compact set in R.

2. If g is differentiable and g’ (x) > 0 for all x € R, then (g © f) () has precisely 5 elements.

3. If g is continuous and surjective, then (g o f) () N Q = .

4. If g is differentiable, then {e" : x € (g o f) (€)} does not contain any non-empty open interval.

Let [x] denote the integer part of x for any real number x. Which of the following sets have non-
zero Lebesgue measure?

1. {x € [1, ©) : lim,_so[x]" exists} 2. {x € [1, ©) : lim __,[x"] exists}
3. {x €[l o :lim _,on[x]" exists} 4. {x € [1, ©) : lim, o[ 1-x]" exists

Let (X, d) be a finite non-singleton metric space. Which of the following statements are true?

1. There exists A < X such that A is not open in X.
2. X is compact.
3. X is not connected.

4. There exists a function f: X — R such that fis not continuous.

What is the largest positive real number O such that whenever |x —y| < , we have
|cosx — cosy| < V22

1. \2 2.%

Leta, b € R such that a < b and let f: (a, b) = R be a continuous function. Which of the following

Statements are true?

1. Iffis uniformly continuous then there exist o. > 0 and [} > 0 satisfying |f(x) — f(v)| < alx —y| +
B, for all x, y in (a, b).
For every ¢, d such that [c, d] C (a, b), if frestricted to [c, d] is uniformly continuous then f'is

uniformly continuous.
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3. Iffis strictly increasing and bounded than fis uniformly continuous.
4. If fis uniformly continuous then it maps Cauchy sequences into convergent sequences.

Consider the function [ : R> — R defined by
. 1 .
(x—y)’sin—— if x=zy
f(xy)= (x-y)
0 if Xx=y

Which of following statements are true

1. fis continuous at (0, 0)

2. The partial derivative f_does not exist at (0, 0)
3. The partial derivative f, is continuous at (0, 0)
4. f'is differentiable at (0, 0)

Which of the given sequences (a,) satisfy following identity?
lim sup a, =—lim inf a,

n—oo n—oo

1
1. a, =Hforalln

2. a,=(-1" (n+%) for all n

3. a, :l+ﬂfor all n
n

4. (a,) is an enumeration of all rational numbers in (-1, 1)

For o> 0, define a, = 1+2+—1+n What is the value of lim a, ?
na+ n—oo
1. The limit does not exist
1
2 —
a”+1
1

a+1
1

Catta+l

11
Consider the function f : R* — R defined by f(X,y)=x3y3(, y € R).
Which of following statements are true?
1. The directional derivative of f exists at (0, 0) in some direction
2. The partial derivative f_ does not exist at (0, 0)
3. fis continuous at (0, 0)
4. f'is not differentiable at (0, 0)
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JUNE-2023
PART - B

Consider R with the usual topology. Which of the following assertions is correct?
A finite set containing 33 elements has atleast 3 different Hausdorff topologies.

Let X be a non-empty finite set with a Hausdorff topology. Consider X x X with the product
topology. Then, every function f: X x X — R is continuous.

Let X be a discrete topological space having infinitely many elements. Let f : R — X be a
continuous function and g : X — R be any non-constant function. Then the range of g o f

contains at least 2 elements.
If a non-empty metric space X has a finite dense subset, then there exists a discontinuous

function f: X —> R.

How many real roots does the polynomial x* + 3x — 2023 have?
1.0 2.1 3.2 4.3

Suppose S is an infinite set. Assuming that the axiom of choice holds, which of the following is true?
1. S is in bijection with the set of rational numbers.
2. S'in in bijection with the set of real numbers.

3. S'is in bijection with S x S.
4. S'is in bijection with the power set of S.

Consider the series z:;lan’ where a, = (1) (vn+1— \/ﬁ) Which of the following statements
is true?

1. The series is divergent. 2. The series is convergent.

3. The series is conditionally convergent. 4. The series is absolutely convergent.

Letx, y € [0, 1] be such that x #y. Which of the following statements is true for every € > 0?
1. There exists a positive integer N such that |x —y| < 2" € for every integer.
2. There exists a positive integer N such that 2" € < |x — y| for every integer.
3. There exists a positive integer N such that |x — y| < 2" € for every integer.

4. For every positive integer N, |x —y| < 2 € for some integer n > N.

Which one of the following functions is uniformly continuous on the interval (0, 1)?

L f(x):sin% 2 f() =¥

3. f(x) :excos1 4. f(x) = cosxcos >
X X

Which of the following assertions is correct?

nz+(-1)" 2e
2n

L

1. limsupe [
n

47

Phone: 9876311001 e—mail: mathsmim@gmail.com web: www.onlinemim.com




MOHAN INSTITUTE OF MATHEMATICS

Dedicated To Disseminating Mathematical Knowledge

48

Ioge[
2. lime
n
3. Iminf e
n

4. ime
n

nz?+(-1)"e?
7n .
does not exist.

sin[ n7r+(—1)"29]
<7T.

mn(nzz+(—D“e2]
does not exist.

PART - C

Which of the following statements are correct?

1.

2.
3.
4

The set of open right half-planes is a basis for the usual (Euclidean) topology on R’.
The set of lines parallel to Y-axis is a basis for the dictionary order topology on R’,

The set of open rectangles is a basis for the usual (Euclidean) topology on R’.
The set of line segments (without end points) parallel to Y-axis is a basis for the dictionary

order topology on R’.

Consider the function [ : R> — R defined by f{x, y) =x" —y'.
Which of the following statements are true?

There is no continuous real-valued function g defined on any interval of R containing 0 such
that f(x, g(x)) = 0.

There is exactly one continuous real-valued function g defined on an interval of R containing 0
such that fix, g(x)) = 0.

There is exactly one differentiable real-valued function g defined on an interval of R containing
0 such that f(x, g(x)) = 0.

There are two distinct differentiable real-valued functions g on an interval of R containing 0
such that f(x, g(x)) = 0.

Which of the following are true?

1.

For n 2 1, the sequence of functions f, : (0, 1) — (0, 1) defined by f,(x) = x" is uniformly
convergent.
n

X

For n > 1, the sequence of functions f,: (0, 1) = (0, 1) defined by f.(X) :mis
og (n+

uniformly convergent.
n

X

For n 2 1, the sequence of functions f,: (0, 1) — (0, 1) defined by f (x)= R
+ X

is uniformly
convergent.

n

X

For n 2 I, the sequence of functions f,: (0, 1) — (0, 1) defined by fn(x)zl )
+ nXx

is not

uniformly convergent.
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Letf: R — R be defined as f(x) = % +X—x% Givena € R, let us define the sequence {x,} by x, =

aandx, =f(x, ) forn= 1.
Which of the following statements are true?

1
1. Ifa = 0, then the sequence {x,} converges to >
2. If a = 0, then the sequence {x,} converges to ——.

3. The sequence {x,} converges for every ae(— %,g} and it converges to %

4. If a = 0, then the sequence {x,} does not converge.

Define f: R* = R by fix, y, z, w) = xw — yz. Which of the following statements are true?
. fis continuous

fU={xyzw eR:xy+zw=0x"+2 =1y +w =1}, then f is uniformly continuous
on U.

ifV={xyzw €R’:x=y, z=w}, then fis uniformly continuous on V.
FW={xyzweR:0<x+y+z+w<1}, then fis unbounded on W.

Let p denote the Lebesgue measure on R and p* be the associated Lebesgue outer measure. Let A
be a non-empty subset of [0, 1]. Which of the following statements are true?
1. If both interior and closure of A have the same outer measure, then A is Lebesgue measurable.

2. If A is open, then A is Lebesgue measureable and n(4) > 0.
3. If A is not Lebesgue measurable, then the set of irrationals in A must have positive outer
measure.

4. If u*(4) = 0, then A has empty interior.

Define a function f: R — R by
sin(z/x) whenx=0
f(x)=
0 whenx =0.

On which of the following subsets of R, the restriction of f'is a continuous function?
1. [-1, 1] 2.(0, 1)

3. {0} U {(I/n): n e N} 4. {1/ :ne N}

Let {x,} be a sequence of positive real numbers. If o, = l(X1 + X, +...X,), then which of the
n

following are true? (Here lim sup denotes the limit supremum of a sequence.)

1. If lim sup{x, } = £ and {x } is decreasing, then lim sup{c,} = L.

2. lim sup{x,} = L if and only if lim sup (o} = L.

. X
3.1f lim sup {n[ n_— J} <1,then 2., x, is convergent.

(n+1)
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4. If lim sup {n( a j} <1 then 2., x, is divergent.

(n+1)

Under which of the following conditions is the sequence {x,} of real numbers convergent?
1. The subsequences {x .}, {x,,} and {x,,} are convergent and have the same limit.
2. The subsequences {x ,,,,, {X,,} and {x, } are convergent.

3. The subsequences {x, ! are convergent for every k > 2.
4. Ilrnn | Xnagy = X, = 0.

Consider the following statements:

(a) Let f be a continuous function on [I, ®) taking non-negative values such that L f (x)dx

converges. Then Zn>l f (n) converges.

(b) Let f be a function on [1, ©) taking non-negative values such zhatjl f (X) dX converges. Then
im, . f(x)=0.
(c) Let f be a continuous, decreasing function on [I, ®) taking non-negative values such that

J.:O f (X) dX does not converge. Then anl f (n) does not converge.

Which of the following options are true?
1. (a), (b) and (c) are all true. 2. Both (a) and (b) are false.
3. (¢) is true. 4. (b) is true.

DECEMBER-2023
PART - B

Let f: R — R be a differentiable function such that f and its derivative f have no common zeros in
[0, 1]. Which one of the following statements is true?

1. f'never vanishes in [0, 1].

2. fhas atmost finitely many zeros in [0, 1].

3. fhas infinitely many zeros in [0, 1].

4. f(1/2) = 0.

Let f(x) be a cubic polynomial with real coefficients. Suppose that f(x) has exactly one real root and
that this root is simple. Which one of the following statements holds for ALL anti-derivatives F(x) of

fx)?
1. F(x) has exactly one real root. 2. F(x) has exactly four real roots.
3. F(x) has atmost two real roots. 4. F(x) has atmost one real root.

Consider the following infinite series:

= sin(nz/2) ¢ 1
(a) Z—\/ﬁ , (b) nZ:lllog (1+ nzj.

n=1
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Which one of the following statements is true?
1. (a) is convergent, but (b) is not convergent.
2. (a) is not convergent, but (b) is convergent.
3. Both (a) and (b) are convergent.
4. Neither (a) nor (b) is convergent.

Letf: R — R be defined by
() = {(1— X)2sin(x?),  xe(04).

0, otherwise

and f' be its derivative. Let

S={ceR:f(x)<cfix)forall x € R}.

Which one of the following is true?

1.S=0 2. §8# O and S is a proper subset of (1, ©)

3. (2, ) is a proper subset of S 4.5N 0, 1) 2

Consider the following subset of R:
U=fxecR:X-9%x+18<0,x-7x+12<0).

Which one of the following statements is true?

1. infU = 5. 2.infU=4.
3.infU=3. 4. infU=2.

Let X be a non-empty finite set and Y = {f'(0) : fis a real-valued function on Xj.
Which one of the following statements is true?

1. Yis an infinite set

2. Y has 2™ elements

3. There is a bijective function from X to Y

4. There is a surjective function from X to Y

n n
Consider the sequence (a,) >, where @, = COS((—l)n 772- + ?ﬂj Which one of the following

statements is true?

1. lmsupa, = ‘/5. 2. limsupa,, =1.

n—o0 n—oo

3. limsupa,, ==. 4. limsup a,, =0.

PART - C

Suppose that [ : [-1, 1] — R is continuous. Which of the following imply that fis identically zero on
[-1, 1]?

1. J._ll f(x)x"dx = Oforalln>0.
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2. J._ll f (X) p(X)dx =0 for all real polynomials p(x).

3. jll f (X)X"dX = 0 for all n> 0 odd.

1
4. Jil f (x)x"dx = Ofor all n > 0 even.

For a real number A, consider the improper integrals

dx
j(l x)* le

Which of the following statements are true?

1. There exists \. such that I) converges, but K, does not converge.
2. There exists A such that K, converges, but I, does not converge.
3. There exists A such that I, K, both converge.

4. There exists A such that neither I, nor K, converges.

Let f: R — R be a continuous function such that |f(x) — f(v)| = log (1 + |x—y|) for all x, y € R.
Which of the following statements are true?

1. fis necessarily one-one. 2. f'need not be one-one.

3. fis necessarily onto. 4. f'need not be onto.

Let p : R* — R be the function defined by p(x, y) = x. Which of the following statements are true?

1. LetA,={(xy) € R’ | x* +y° < 1}. Then for eachy € p(4 J), there exists a positive real number
€ such that (Y-¢€ 7Y+ €) S p(4).
LetA,={(xy) € R’ | x* + y° < 1). Then for each Y € p(4,), there exists a positive real number
€such that (Y- € 7 +€) S p(4,).
Let A; = {(x, y) € R’ | xy = 0}. Then for each y € p(4,), there exists a positive real number €
such that (Y - €, Y + €) C p(4,).
LetA,={(x,y) € R’ | xy = 1). Then for each Y € p(A4,), there exists a positive real number €
such that (Y- ¢,V +¢) Cp(4,)

Let x be a real number. Which of the following statements are true?

.1
1. There exists an integer n > I such that n°sin = > X.
n

1
2. There exists an integer n = 1 such that NCOS— = X.
n

3. There exists an integer n > 1 such that ne™ 2 x.

4. There exists an integer n > 2 such that n(log n)”' > x.

For real numbers a, b, ¢, d, e, f. consider the function F : R> — R’ given by
F(x,y)=(ax + by +c dx +ey+f) forx,y € R
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Which of the following statements are true?
1. F is continuous 2. F is uniformly continuous
3. F is differentiable 4. F has partial derivatives of all orders

For a differentiable surjective function f: (0, 1) — (0, 1), consider the function
F:(0,1)x(0,1)— (0, 1) x (0, 1) given by F(x, y) = (f(x), f(»)), x, y € (0, 1). If f (x) # 0 for every

x € (0, 1), then which of the following statements are true?
F is injective.
. fis increasing.
For every (x',y') € (0, 1) x (0, 1), there exists a unique (x, y) € (0, 1) x (0, 1) such that F(x, y)
=&, y).
The total derivative DF (x, y) is invertible for all (x, y) € (0, 1) x (0, 1).

Which of the following statements are true?

1
The function f: R — R defined by f (x) = [x]sin M forx#0, has a discontinuity at 0 which
0 forx=0

is removable.

sin(log x)  forx=0,
The function f : [0, ©) — R defined by f (x) ={ (log x) ” has a discontinuity at 0

0 forx=0

which is NOT removable.
. et forx <0, . . y
The function f: R — R defined by f (x) = has a jump discontinuity at 0.
e’*  forx>0

Let f, g : [0, 1] > R be two functions of bounded variation. Then the product fg has atmost
countably many discontinuities.

Let (f,),>, be the sequence of functions defined on [0, 1] by
1++4/X
f.(x)=x" Iog[ +£/_]

Which of the following statements are true?

1. (f,) converges pointwise on [0, 1].

2. (f,) converges uniformly on compact subsets of [0, 1) but not on [0, I).
3. (f,) converges uniformly on [0, 1) but not on [0, 1].

4. (f,) converges uniformly on [0, 1].

Let {4,} >, be a collection of non-empty subsets of Z such that A, N A, = O form #n. If Z = U >,
A, then which of the following statements are necessarily true?

1. A, is finite for every integer n > 1.
2. A, is finite for some integer n > 1.

3. A, is infinite for some integer n > 1.
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4. A, is countable (finite or infinite) for every integer n > 1.

Letf: [0, ©) — R be the periodic function of period 1 given by

ftx) =1-12x— 1| forx € [0, 1].

Further, define g : [0, ©) — R by g(x) = f(x’). Which of the following statements are true?
1. fis continuous on [0, ). 2. fis uniformly continuous on [0, ®©).

3. g is continuous on [0, o). 4. g is uniformly continuous on [0, ).

JUNE-2024
PART - B

Let (a,) >, be a bounded sequence in R. Which of the following statements is FALSE?
L If iminf a, =lim sup a,, then (a,) is convergent

n—o0o N—»00

2. Ifinf{a,|n>1} = limsupa,, then (a,) is convergent

n—oo

3. Ifsup {a, |n>1}=liminf a,,then (a ) is constant
n—oo

4. If sup {a,|n=>1) =inf{a,|n= 1}, then (a,) is constant

What is the cardinality of the set of real solutions of €" + x = 1?
1.0 2.1
3. Countably infinite 4. Uncountable

Consider the set A = {x € Q : 0 < (\/5 -)x< \/5 + 1} as a subset of R. Which of the following
Statements is true?

].supA=2+2\/§ 2.supA=3+2\/§
3. infd=2+2+3 4.infAd=3+22

1—x*

1-x3

LetS{x e R:x>1and

> 22}. Which of the following is true about S?

1. S'is empty
2. There is a bijection between S and N

3. There is a bijection between S and R
4. There is a bijection between S and a non-empty finite set

Let C be the collection of all sets S such that the power set of S is countably infinite. Which of the
following statements is true?

1. There exists a non-empty finite set in C 2. There exists a countably infinite set in C

3. There exists an uncountable set in C 4. Cis empty
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Let S be a dense subset of R and f: R — R a given function. Define g : S —> R by g(x) = f{x).

Which of the following statements is necessarily true?
1. If fis continuous on the set S, then f'is continuous on the set R\S
2. If g is continuous, then f'is continouos on the set S

3. If g is identically 0 and f'is continuous on the set R\S, then fis identically 0
4. If g is identically 0 and fis continuous on the set S, then fis identically 0

Foreachn = I definef, : R > R by

2
f(X)=—— xeR

‘/x2+£
n

where \/_ denotes the non-negative square root. Whereever Im f_(X) exists, denote it by f(x).
n—o

Which of the following statements is true?
1. There exists x € R such that f(x) is not defined 2. f(x) =0forallx € R
3. f(x) =xforallx € R 4. fix) = |x| for allx € R

PART - C

Define f: R — R by f(x) = x|x|. Which of the following statements are true?

1. fis continuous on R 2. fis differentiable on R
3. fis differentiable only at 0 4. fis not differentiable at 0

Let (a,) >, be a bounded sequence of real numbers suc that lim,_, a, does not exist. Let S = {l € R
: there exists a subsequence of (a,) converges to [}.

Which of the following statements are necessarily true?

1. S'is the empty set 2. S has exactly one element

3. S has atleast two elements 4. S has to be a finite set

Let Z:lan be a convergent series of real numbers. For n = [ define

a,, Iifa, >0 ™ a, ifa, >0
0, otherwise " lo, otherwise.

Which of the followiing statements are necessarily true?

1. A, —> Oand B, — 0asn—> o0

2. If Z::lan is absolutely convergent, then both Z::l A, and Z::l B, are absolutely convergent
3. Both Z:;Aq and Z::l B, are convergent

4. If Z:;l a,, is not absolutely convergent, then both 2:21'6\1 and Z:ll B, are divergent.
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316.  Consider the improper integrals

and, for a = 0

S |
I.=| —F——dx
) L X1+ x?
1. The integral I is convergent
2. The integral I is not convergent

1
3. The integral I, converges for a = 2 but not for a = 0

4. The integral I, converges for all a > 0

Define f: R>— R by
WY o
f(xy)= x
0, if x=0
Which of the following statements are true?

1. i(0,0) exists 2. i(O,O) exists
OX oy

3. fis not continuous at (0, 0) 4. fis not differentiable at (0, 0)

Let f: R’ — R’ be a differentiable function such that (Df) (0, 0) has rank 2. Write f = . 1> 13)-
Which of the following statements are necessarily true?
1. fis injective in a neighbourhood of (0, 0)

2. There exists an open neighbourhood U of (0, 0) in R’ such that 1; is a function of f, and f,

3. fmaps an open neighbourhood of (0, 0) in R’ onto an open subset of R’
4. (0, 0) is an isolated point of ' ({1{0, 0)})

Let K < R be non-empty and f : K — K be continuous such that
=y <) -/ VxyekK

Which of the following statements are true?

1. fneed not be surjective

2. fmust be surjective if K = [0, 1]

3. fis injective and ' : fiK) — K is continuous

4. fis injective, but ' : f(K) — K need not be continuous

Let (a,),>, be a sequence of positive real numbers. Let b, = &
max{a,,
Which of the following statements are necessarily true?

1. If im b, exists in R, then {a, : n> 1} is bounded

n—o
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2. Iflim b, = 1, thenlim @, exists in R

n—oo n—o0

3. Iflimb, = %, then lim a_ exists in R
n—o

n—oo

4. If im b, =0, then lima, =0

nN—oo n—o0

Let f: R — R be a continuous and one-to-one function. Which of the following statements are
necessarily true?

1. fis strictly increasing

2. fis strictly decreasing

3. fis either strictly increasing or strictly decreasing
4. fis onto

Let f: [0, 1) > [1, ©) be defined by f(X)=1i.For n>1letp(x)=1+x+ .. +x" Then
—X

which of the following statements are true>

1. f{x) is not uniformly continuous on [0, 1)

2. The sequence (p,(x)) converges to f(x) pointwise on [0, 1)

3. The sequence (p,(x)) converges to f(x) uniformly on [0, 1)

4. The sequence (p,(x)) converges to f(x) uniformly on [0, c] for every 0 < c < I

DECEMBER - 2024

PART - B

For integer N>0, let f :[-1,0] > R be defined by f, (x)= Which of the following

X
@-x)"

statements is true about the series Z f,?
n=0
1. The series is neither absolutely convergent nor uniformly convergent.
2. The series is both absolutely convergent and uniformly convergent.
3. The series is absolutely convergent but not uniformly convergent.
4. The series is uniformly convergent but not absolutely convergent.

-n

. e +e a,.g .
Consider the sequences (a,),., and (b,),.,defined by 8, = 5 and b, = iy Which of the

n
following statements is true?

1. For each X R, there exists an n such that a, > x
2. For each X €R, there exists an n such thata, < x
3. For each X R, there exists an n such that b, > x

4. For each X €RR, there exists an n such that b, < x
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Let A, B, and C be sets. Which of the following sets is equal to A\(B\C)?
1.A\ B 2.(A\B)uC
3. A\ (BUC) 4.(A\ B)U(ANC)

Let T :[0,1] > R be defined by f(x) = sin(x’). Let A= lim (Z f[%j — n_[:f (X)dX] .Which of the
n—soo| 4=

following statements is true?

1. A=0 2. A=1 3. Azy 4 A=sinGj

0 nz

Consider the power seriesz—zxn with coefficients in real numbers R. Which of the

n=1 (n +1)n

following statements is true?
. o1
1. The radius of convergence of the series is —
e

2. The series converges at x=5
3. The series converges at x=3

4. The series converges for all x with | X |< %

PART-C

For a positive real number a, Ja denotes the positive square root of a. Consider the function

, —x*+y? x=0,
f:R°—> R defined by f(X,y)=1|X|
0, x=0.
Which of the following statements are true?
1. f'is continuous at (0,0).

2. The partial derivatesi and a exist at (0,0).
OX oy

3. fis differentiable at (0,0).
4. f'is not differentiable at (0,0).

2

. - c e (xy) % (00)

Consider the function f:R"—R defined by f(X,y)=<x"+y
1, (x,y) =(0,0).

Which of the following statements are true?

1. fis differentiable on R°\{(0,0)}.

2. All the directional derivatives of f exist at (0,0).

3. fis differentiable on R’.

4. fis not continuous at (0,0).
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X sin[ , if x#0,
Consider the function f:R —R defined by f(X) = X

0, if x=0.
Which of the following statements are true?
1. |im0 f (X) exists. 2. fis continuous at 0.
X—!

3. fis differentiable at 0. 4. |im0 f'(X) does not exist.

Let (a,),. (b)), and (c,),., be sequences given by
a,=(-1)"@+e™), b, =max{a,,

Which of the following statements are true?

1.(8,) 5 does not converge. 2.limsup a, =limb,

n—o nN—oo

3. Iiminf a, =lim c, 4.lm b, =limc,

nN—o0 n—w nN—o0 nN—o0

For a positive integer n and a subset S of the set of positive integers, let S(n) denote the set

seS|s<n}.Let X be a subset of the set of positive integers such that lim M =1.Assume
{ P g

n—oo n

8

that there exist pairwise disjoint subsets XX, X, of X such that | J X, = X.Which of the
i=1

following statements are true?

| Xi ()]
n

. lim exists for all 1<i<8.

n—oo

. lim inf M >0 for all 1<i<8.

n—o0 n

RAW]
n

. lim sup >1/8 for some 1<i<8.

n—o

| X (M|
n

. lim sup <1/8 for all 1<i<8.

n—o

Which of the following statements are true?

2024
1. Letx,ye R with x<y. Then there exists ¥ € Q such that x < <YV.
e

Let (a,) ., be a sequence of positive real numbers. If there exists a positive real number L

: a .
such that lim sup —"— =L, then lim sup a, > oo.
nse  l0g N n

The set of all finite subsets of Q is countably infinite.
The set of continuous functions fromR to the set {0,1} is infinite.

Let g:R—R be a continuous function. Define f (X) = J: (x—t)g(t)dt, x e R. Which of

following statements are true?
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1. f0)=0 2. f(0) exists and f(0)=0.
3. f'(0) exists and f"'(0)=g(0) 4. f"(0) exists but f"(0) # g(0).

Let g:R—>R be a continous function such that f(x) = 0 for all X <0and for allX =1

Define F(X) = Z f(x+n), xR Which of the following statements are true?

n=—ow

(1) F is bounded. (2) F is continuous on R

(3) F is uniformly continuous on R (4) F is not uniformly continuous onR.

Let f:/0,1] — R be a monotonic function. Which of the following statements are true?
(1) fis Riemann integrable on [0,1].

(2) The set of discontinuities of f cannot contain a non-empty open set.

(3) fis Lebesgue measurable function.

(4) fis a Borel measurable function.

For each positive integer n, define f, :[01] >R by f (X)=nx(L—X)". Which of the following
Statements are true?

1. ()5 does not converge pointwise on [0,1].
2.(f,) -, converges pointwise to a continuous function on [0,1].
3.(f,) ., converges pointwise to a discontinuous function on[0,1].

4.(f,) ., does not converge uniformly on[0,1].

JUNE - 2025

PART - B

3X+2
4x+3
Let x,eR | Q. For n > 1, define x,,, = f{x,). Suppose that the sequence (x,) >, converges to a real

Letf:RI Q—R | Q be the function defined as f(X) =

number €. Which of the following statements is true?

J3

(1) If € is positive, the ( = > 2) If € is positive, then [ = .

(3) Iff is negative, then ( = —?. (4) If€ is negative, then { = ——.

Let p, g be non-negative integers. Consider the following statements:
(A) There is an integer k > 1 such thatp + k = q.
(B) There is an integer k > 1 such thatq +k=p

Which of the following statements is true?
(1) There exist non-negative integers p, q such that both (4) and (B) are true.
(2) Both (A) and (B) are false if and only if p = q
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(3) For all non-negative integers p and q, (4) or (B) is true
(4) There exists p # q such that both (4) and (B) are false

Let f(x)=xlog e(1+ 1} for x € (0, ©). Which of the following statements is true?
X

(1) fis unbounded (2) f'is increasing
(3) Iim f(x)=2 (4) f'is decreasing

Foreachnz 1, letf, [0,1] —R be defined as
nx if XE|:0,£:|,
n
2—nx if XE[EE:|
nn

0 if xe (E ,1}.
n

Which of the following statements is true?

(1) (1,),>; converges uniformly on [0, 1] to a continuous function f.
(2) (1,),>; converges pointwise on [0, 1] to a discontinuous function f.
(3) (f,),>; converges pointwise on [0, 1] to a continuous function f.

(4) (f,),>, does not converge pointwise on [0, 1].

Let A, B be non-empty subsets of N with cardinality |A| > 2. Let

S, ={f:A— B|fis one-to-one} and S,= {g : B—> A | g is onto,.
Which of the following statements is true?

(1) If Ag B and B is finite, then there is a one-to-one map from S, to S,.

(2) If B = N, then there exists a one-to-one map from S, to B.

(3) If B = N and A is finite, then there exists a one-to-one map from B to S,.
(4) If A is finite, then S, is finite for any B.

Let

A {56(0,1).‘p eN, g = 2" for some n eNU {0}, gcd (p, q) :]}

B {56(0,1) :p eN, g=2"5" for some n,m eNU {0}, gcd (p, q) = ]}

C= {B €(0)): P has terminating decimal expansion }
q q

be subsets of (0, 1). Which of the following statements is true?
(1) AcCand BcC (2) AcCcB

(3) AcBcC (4) AcB=C
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PART-C

Let f and g be real-valued Riemann integrable functions on [a, b] such that g([a, b]) <[a, b].
Which of the following statements are necessarily true?
1. The composition f o is Riemann integrable.

2.Ifg(x)#0 for each xe[a,b], then 1 is Riemann integrable.
g

3. The positive square root | T % +Q° is Riemann integrable.
4. The composition f o Q is Riemann integrable, if both f and g are continuous

Let C[0, 1] be the R—vector space of real valued continuous functions equipped with the norm
1] =sup [ £(x)].

x€[0,1]
Let T : C[0,1] — C[0,1] be defined as

() (x)zf f(t)dt, forx [0,1]
0

Let T" =T oT o...oT (n times). Which of the following statements are true?

1. There exists o € (0,1) such that for allf, g C[O,l],”T(f)—T(g)” Sa”f — g||

2. There exists a € (0,1) such that for all f; g € C[0,1], ”T 2(f)-T7 (g)” Sa”f — g||
3. Theset {f €C[0,1]:T(f) = f}is asingleton set.

4 ‘T” >0 asn-—>w.

Let f be a bounded, twice continuously differentiable real-valued function on (0,90) such that
f"(x) >0 forall x € (0,0). Which of the following statements are true?

1. T'(xX) < 0for all x>0 2. lim f'(x)=0

3. lim x f'(X) need not exist. 4. lim xf'(x) =0

X—00 X—»00

Consider the sequence (), and (1), defined by

3 n l B n (_1)k
= gy ‘Z&@ )"

Which of the following statements are true?
I.limsupt, <limsups, 2. imsupt, <e

nN—o0 n—oo n—o0

3. lim inf s, > e? 4.liminf t, >e

n—oo n—w

Let u denote the Lebesgue measure on R. Suppose that f is a non-negative Lebesgue measurable

function on R. Let 0 =a, <a, <a,<--- be an unbounded sequence such that a,,, < Ca, for some

n+l —
real number ¢ and for all n>1.Let A, ={x € R|a, < f(x)<a,,,}for each K=>0. Which of the
following statements are true?
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1. If f'is Lebsgue integrable on R , then Zak,u(Ak) is finite.
k=0

2.If Zak,u(Ak) is finite, then fis Lebesgue integrable on R.

k>0

3. If Zak L(A,) is finite and f(x)> o for all X e R, then f'is Lebesgue integrable on R.
k>0

. a is finite and f'is bounded, then fis Lebesgue integrable on R.
4. WM d bounded, th Lebesg grabl

k>0

Let p: R = R be a non-constant polynomial. Which of the following statements are true?
The pre-image of a compact set under p is a compact set.
The pre-image of a connected set under p is a connected set.
Every point xeRhas an open neighbourhood U_such that the restriction p|U, is a
homeomorphism onto an open set in R.
The image of a bounded set under p is a bounded set.

—Nn°X

Foreach n>1, let f, :R = R be a function defined by f.(X) = ¢

Which of the following statements are true?
1. (). converges uniformly to 0 on R, and (f),., converges uniformly to 0 on the
interval (-M, M) for some positive real number M.

2. (f,) s converges uniformly to 0 on R, and (f.),., converges pointwise to 0 on R.

3. (f,),., converges uniformly to 0 on R, and (f),., does not converges pointwise to 0
on R.

4. (f,) . converges pointwise to 0 on R but not uniformly on R.

What is the value of the limit

!imw%[(n +1)(N+2)---(n+n)]" 2

1.

2
e

3. log,2-1

December - 2025

PART - B

For a non-negative real number a, let Ja denote its non-negative square-root. Consider the

function f: R - R given by f(X)= X(\/X2 +3-x2+ 2). Which of the following statement is true?
. . . . 1
1. lim f(X) = 2. lim f(x)=0 3. Iim f(x)=1 4. lim f(x)==

X—>00 2

Let a, f € (0,0). Consider the infinite series
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1
; n(log., n)*(log , (log . n))”
Which of the following statements is true?

1. The series converges for all o € (0,1) and for all f € (1,).

2. The series converges for ¢ =1and f=1.
3. The series converges for oo =1and for all f € (1,).
4. The series converges for all a € (0,%) and for all 3 € (0,).

Let S be a subset of the open interval (0, 1) that consists of all the real numbers a € (0,1) whose
infinite decimal expansion o =0.8,8,8,---is such that a, €{0,2,4} forall i >1.
Which of the following statements is true?

1. There is a bijective map fromN to S.
There is a surjective map from S onto (0, 1).

2.
3. There is a bijective map from N to (0, 1)\ S.
4. Sis a countable set and (0, 1)\ S is uncountable.

For a non-negative real number a, let \/adenote its non-negative square-root. Consider the

sequence {X, },., defined by

2
[ X

x,=1and X, =.1+— forn>1.
n

Which of the following statements is true?
1. limsup x, =1 2. limsupx, = J2

nN—oo N—o0

3. lim sup x, =2 4. lim sup X, —1+42

N—o0 n—oo

Which of the following statemnets is necessarily true?

1. The set of all finite subsets of Z is uncountable.
Let f: R = R be a continuous and one-one function. IfS R is a countably infinite set, then
1(S) is a countably infinite set.
Let f: R - R be a continuous function. Then there exists an uncountable subset T C R such
that f(T) <R is uncountable.
Let f: R - R be a continuous function. If R Cimage (f) is a countable set, then f “(R) is
countable.

Let f> (0,00) — (0,0) be a uniformly continuous function. Define g: (0,00) — (0,00) by

x? if0<x<1
g(x)= .
X if x>1.

Which of the following statements is true?

1. f o Qis uniformly continuous, but Qo f is not uniformly continuous.
2. go fis uniformly continuous, but T o Q is not uniformly continuous.
3. Neither f oQnor Qo f isuniformly continuous.

4. Both T ogandqo f are uniformly continuous.
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PART-C

Let f (0,00) — (0,0) be the function defined by
Wt

F(x) = dt,
!;1+t2

where~Jt denotes the positive square root for t > 0. Which of the following statements are true?
1. fis a uniformly continuous function.

2. fis a bounded function.

3. There exists X € (0,00)such that f{x) = 0.

4. The derivative of fis continuous.

2025

Let o = Z% with a, €{0,1,...,9} for all 1< ¢ <2025 and a,q,s #0. Let (,),., be a strictly
-

increasing sequence of positive real numbers in (0, 1) that converges to c.For each N 21, write

> b, .

B, =zla; with b, , €{0,1,...9}, for the infinite decimal expansion of f,. Which of the
=1

following statements are necessarily true?

There exists a positive integer N such that for all N> N, b, , =a, forall 1</ <2023.
There exists a positive integer N such that for all N2 N, B, ;0,6 = 8,055 —1.
B, is rational for infinitely many n.

There exists a positive integer N such that for all N> N, B, ,0,, = 8,0,, —1.

Let F be the set of all functions T :[0,00) — [0,0) that are Riemann integrable on [0, t] for all
t €[0,0). Which of the following statements are necessarily true?

1. If f €Fis a continuous function and f(n) =0 for all positive integer n, then M J- f (t)dt
X—0
0

exists in R .

X—>0

X
If T €F is uniformly continuous and lim I f(t)dt existsin R, thenlim f(x)=0.
0

There exists a function T €F such that lim '[ f (t)dt exists in R butlim f(x) # 0.
0

If T €Fis Lebesgue measurable and lim J-f(t)dt:O, then f =0 almost everywhere on
X—>00
0
[0, 00).

For each positive integer n, let f, : [-1, 1] — R be given by
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f,00= :

l£xs1.
n

On which of the following intervals does the sequence {f },., converges uniformly?

1. /0, 1] 2.(0, 1] 3 (]0-2025’ 1) 4 (]0-2025’ ] 0.2025]

Let (X, d) be a metric space. For a non-empty subset A of X, and X € X, define

d(x, A) = i!lefA d(x,a).

Which of the following statements are necessarily true?

1. Forall X,y € X and every non-empty subset A of X, we have d(x, A)—d(y, A) <d(x,Y).

2. For every non-empty subset A of X, the function X+ d(X, A) is uniformly continuous on X.

3. A non-empty subset A of X is closed if and only if d(x, A) > 0 for all Xe X \ A

4. If X is compact and C,, ..., C, are non-empty closed sets of X such that ﬂCi =@, then the

I<i<k

minimum value of the function > Zd (x,C,)onXis 0.
15i<k

Let a, b be distinct positive real numbers. Consider the function f: R> — R given by

(ax+by)® .
——— if (x,y) #(0,0),
fxy)={ac+by? " oV*00)
0 if (x,y)=1(0,0),

Which of the following statements are necessarily true?

1. lim  f(X,y)does not exist.
(x,y)—(0,0)

2. The partial derivatives of f at (0, 0) do not exist.
3. m%uxm=m%fmy)
4. fis differentiable at (0, 0).

Let N denote the set of all positive integers. For neN , letf : [0, ] >R be given by

na—n@,ifOSXSE,
fo (X) = n

0, Wx>1.
n

Which of the following statements are necessarily true?

1. The sequence of function {f},., is uniformly bounded.

The sequence of function {f },., does not converge pointwise

2
3. The sequence of function {f},., converges uniformly to the constant function 0.
4

The set {f, :neN lis compact in C[0, 1], where C[0, 1] denotes the space of all real valued
continuous functions on [0,1] equipped with the supremum norm.
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Let - [0, 1] — [0, 1] be a monotonically increasing function, that is, a <bimplies that
f(a)< f(b). Foranya €(0,1) , let

L = lim f(x)and L, = lim f(x)

x—a*

denote the right hand and the left hand limits respectively, provided they exist. For a € (0,1), if L,
and L, exist, then define
¥ ={(L;,L;) if L <L,
“ ) if L <L,
Which of the following statements are true?
1. L and L, exit for every a €(0,1).

2. Iffis surjective, then f'is continuous.
3. If fis Riemann integrable, then fis continuous.

4. If the left and right hand limits exist at &, 8 € (0,1),a # f,thenU , NU , = 4.

Consider the following real-valued function F, and F,defined on R, given by

Fl(X) :{

1 if x>1
0, otherwise,

exp(—t)dt, if x>0,
Fz(x):'([ P(=D

0, otherwise.

Define another function F: R—[0,1] by F(X) = % F.(x) +%F2 (x) for all xeR. Which of the

following statements are true?
1. Fis non-decreasing on R

2. lim F(x) =1

X—>00

3. F is left-continuous on R
4. F is right-continuous on R

Consider the following subset of real numbers
1 . e

A= {(1+ (-)")n—=":nisa positive integer }
n

Which of the following statements are true?
A is bounded below but not bounded above.
A is bounded above but not bounded below.
infA=-1
sup A =1

Let F:R3 = R be a continuously differentiable function such that

oF oF oF
F(0,0,0)=-1——(0,0,0)=2,—(0,0,0) =0 and —(0,0,0) =3.
(0,0,0) o (00,0 8y( ) o, (000
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For &£>0, define Q_ = (—¢,&) x(—¢&,&) = R%. Which of the following statements are necessarily
true?

There exist £>0,0>0 and a continuously differentiable function g:Q, — (=0,0)
such thatg(0,0) =0 and F(x,y,g(x,y)) =-1 forall (x,y) e Q,.

There exist € >0,0>0 and a continuously differentiable function h:Q_ — (-0,0)
such thath(0,0) =0 and F(x, h(x,z),z) =-1 forall (x,z) € Q,.

There exist €>0,0>0 and a continuously differentiable functions KK, :(—¢&,&)
— (=9,0) such thatk, (0) =k, (0)=0and F(x,k,(x),k,(x)) =-1 forall x,e (—¢, &)
There exist £>0,0>0 and a continuously differentiable functions |, |, :(—&,€)
—(-0,0) suchthat j,(0)=j,(0)=0and F(j,(2), J,(z),z)=-1 forall z e (-¢,¢)
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